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17 DELONE DYNAMICAL SYSTEMS AND SPECTRAL CONVERGENCE
SIEGFRIED BECKUS, FELIX POGORZELSKI
Abstract. In the realm of Delone sets in locally compact, second countable, Hausdorff groups,
we develop a dynamical systems approach in order to study the continuity behavior of measured
quantities arising from point sets. A special focus is both on the autocorrelation, as well as on
the density of states for random bounded operators. It is shown that for uniquely ergodic limit
systems, the latter measures behave continuously with respect to the Chabauty-Fell convergence
of hulls. In the special situation of Euclidean spaces, our results complement recent develop-
ments in describing spectra as topological limits: we show that the measured quantities under
consideration can be approximated via periodic analogs.
0. Introduction and main theme
The spectral theory of random Schro¨dinger operators in aperiodic media is full of interesting,
surprising and challenging phenomena. During the past decade, tools from a wide range of
mathematical areas have been used and designed in order to gain deep insight into the arising
spectral theoretic patterns. In this work we develop a dynamical systems approach for the
sake of approximating spectral quantities of operators arising in quantum mechanical models
of non-periodic solids. For this purpose, this work brings together a large variety of techniques
from group dynamics, operator algebra theory and spectral theory. While our results apply to
prominent quantities from mathematical physics, the techniques in the proofs rely on a general
convergence principle for group actions. Furthermore, the toolbox developed in the present
paper is interesting in its own right since it provides the basis for tackling exciting questions in
dynamical systems theory. For instance, it can be used to construct compact spaces consisting
of strictly ergodic translation actions.
With the help of transfer matrices and the trace map formalism, the spectral theory of the
one-dimensional case was tremendously pushed forward during the last decades [Su¨t87, BIST89,
Bel90, BBG91, Dam98, DL99a, DL99b, Len02]. Another remarkable outcome of these methods
is the solution of the Ten Martini Problem [AJ09] by Avila and Jitomirskaya. Astonishing
achievements have been also obtained for the Fibonacci Hamiltonian summarized in [DGY16].
While many facets of one-dimensional random Schro¨dinger operators are nowadays understood
in quite significant depth, it seems fair to say that the picture is still rather unclear in the
higher-dimensional situation. In fact, most attempts aiming at rigorously advancing the known
methods to higher dimensions have remained incomplete so far, up to few exceptions [LS06,
DGS15, DG16].
One meta strategy to approach higher-dimensional spectral theory in aperiodic geometries is
via approximation. Recent results [BB16, Bec16, BBdN17, BBC17] started to implement a
systematic approximation theory for the spectrum via approximating the underlying structures.
Specifically, this reflects in the (Ho¨lder)-continuity of the map
Σ : {subsystems of X} → {K ⊆ C compact}, Y 7→ σ(AY ),
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for every normal random operator A over a dynamical system (X,G), where σ(AY ) is the
spectrum of the restriction AY to the subsystem Y ⊆ X, c.f. [Bec16, BBdN17, BBC17]. Here,
X is a compact space and G is a countable Hausdorff amenable group that acts continuously
on X. Furthermore, the set of subsystems (invariant, closed subsets of X) is naturally equipped
with the Chabauty-Fell topology [Cha50, Fel62]. As usual, the convergence of compact subsets
of C is measured in the Hausdorff metric. This has been worked out in a much more general
setting in [BBdN17], where also the case of Delone sets is covered. As such, these insights open
the possibility to handle very interesting examples such as the Penrose tiling.
Inspired by the mathematical and physical experiences so far, periodic structures serve as the
best candidates for approximations since the machinery of Floquet-Bloch is available to ana-
lyze such systems. A simple compactness argument shows that the Chabauty-Fell closure of
periodic subsystems is non-trivial by sending the periods to infinity. Thus, there always exist
non-periodic subsystems that can be approximated in the Chabauty-Fell topology by periodic
subsystems. However, the main difficulty lies in the classification of those subsystems. In one
dimension, this has been done in [Bec16, BBdN17]. Furthermore, for subsystems on Zd defined
by a substitution rule invoking local symmetries, the work [Bec16] provides sufficient conditions
for periodic approximability. In both cases, the constructions are explicit and they include both
known results such as for the Fibonacci sequence, but also new examples, e.g. for the Table
tiling.
The previously discussed approximation theory is the starting point of our project. For a Delone
set D in a general locally compact group G, the associated Delone dynamical system arises
naturally as the translation action on the closure of the orbit G.D. We investigate continuity
properties of two spectral quantities based on the convergence of invariant probability measures:
• Autocorrelation of Delone sets.
The notion of mathematical autocorrelation was developed for describing diffraction
experiments in a rigorous manner. Based on investigations on the diffractive behaviour
of solids, Dan Shechtman discovered the physical existence of quasicrystalline structures
[SBGC84]. For this groundbreaking observation, Shechtman was awarded the Nobel prize
in chemistry in 2011. A suitable approach to model the underlying physical systems is via
the class of Delone sets which are uniformly scattered point sets representing the atomic
nuclei. It was Meyer [Mey69, Mey70, Mey72] who started the investigation of certain
generalizations of lattices (Meyer sets) in the context of number theoretical questions.
Shortly after Shechtman’s experiments, mathematical physicists [KN84, LS84, Hof95]
began to develop a mathematical diffraction theory. It was explored shortly afterwards
that many diffractive properties of Delone sets are reflected in spectral properties of
the corresponding dynamical system. For results of this kind, see e.g. the non-exclusive
list of references [Que87, Dwo93, Sch00, LMS02, BM04, BL04, Gou05, LS09, BHP17].
In particular situations, dynamical stability assumptions carry over to the diffractive
level [BL05]. For a detailed introduction and overview, we refer further to the recent
monograph [BG13] and references therein. Recently, a new non-commutative spherical
diffraction theory was carried out in [BHP16, BHP17] for regular model sets. These
results will allow us to approximate the autocorrelation even in non-abelian settings.
Analogous results for diffraction measures are yet to be explored.
• Density of states (DOS) for random bounded operators.
The density of states (DOS) of an operator on a Hilbert space encodes its spectral dis-
tribution. For self-adjoint elements, it gives rise to a spectral measure on R. For random
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bounded operators arising from a Delone dynamical systems, the DOS is represented by
the Pastur-Shubin trace formula [Pas71, Shu79]. In mathematical physics, one is often
interested in knowing the cumulative distribution function of the DOS, called integrated
density of states (IDS). In quantum mechanical models, the latter quantity provides in-
formation about the averaged number of states of an electron per unit volume below some
fixed energy level. A mathematically intuitive understanding of the DOS, respectively
the IDS for operators on graphs is given by approximations via finite volume analogs as
studied in [Bel86, Len02, LS05, LMV08, Ele08, KL13, LV09, LSV11, Pog14, SS15, PS16].
For our purposes, the Pastur-Subin trace formula is the more suitable starting point since
here the DOS is represented as an integral over the Delone dynamical system. We make
use of the developments achieved in [LS03b, LS03a, LPV07] which give a description of
the DOS in purely dynamical terms.
Our main goal is to prove weak-∗-continuity of these two spectral quantities with respect to
convergence of the underlying dynamical systems. The central viewpoint is to consider classes
of Delone dynamical systems as subsystems of one single topological dynamical system. As for
the DOS, this also allows us to interpret random bounded operators as restrictions to these
subsystems.
Continuity result: Let (Ω, µ,G) be a uniquely ergodic Delone dynamical system. Consider
a sequence (Ωn, µn, G) of Delone dynamical systems such that Ωn → Ω in the Chabauty-Fell
topology. Then the following assertions hold.
(A) The autocorrelations γΩn,µn converge to the autocorrelation γΩ,µ in the weak-* topology
of Radon measures on G.
(B) For every self-adjoint random bounded operator A, the DOS ηAΩn,µn converge to the DOS
ηAΩ,µ in the weak-* topology of Radon measures on R.
The precise statement of (A) is provided in Corollary III based on Theorem III and proven
in Section 3. Statement (B) is formulated rigorously in Corollary IV based on Theorem IV
and shown in Section 4. The proof is based on an abstract convergence result of invariant
probability measures for dynamical systems, cf. Theorem I in Section 1. One exploits the fact
that the relevant data is encoded in the measures µn, µ defined in a common “large” ambient
space. This point of view has been considered before for Delone dynamical systems in [LM09]. In
our situation, the convergence of measures is a consequence of the convergence of the underlying
hulls.
With these continuity results at our disposal, we can settle the approximation of the autocorre-
lation and the DOS in the general context of regular model sets. The latter sets are described by
two groups G and H, a cocompact lattice Γ in the product G×H, and a compact subsetW ⊆ H
called the window. A model set is then obtained by projecting all lattice points in the cut out
strip G ×W to G. Under certain regularity conditions on the lattice and the window, the as-
sumption of unique ergodicity is automatically satisfied. This fact relies on the parametrization
map relating the corresponding Delone dynamical system with the homogeneous type dynamics
arising from the cut-and-project scheme. For abelian groups, this connection has been estab-
lished by Schlottmann [Sch00], and for general locally compact, second countable groups, this
has recently been shown in [BHP16, BHP17]. To deal with the natural discontinuities of the
cutting, we approximate the characteristic function χW of the window by continuous functions
(called window functions) with compact support in H. This leads to the notion of weighted
Delone sets, where the weight is determined by the window function. Due to the G-invariance
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of these functions, there is a canonical notion of translation dynamical systems for weighted
Delone sets. For the sake of different applications, weighted model sets have been considered
before, see e.g. [Baa02, BM04, LR07, Str14, RS15, RS17, BHS17]. More specifically, weighted
model sets were used as a tool to analyze weak model sets which are being studied intensively
in ongoing research activitiy. For recent results on the topic, we refer to [Moo02, HR15, BHS17]
and references therein.
Regular model sets provide a vast collection of examples used in physics and mathematics. In
the Euclidean setting, it is well known that a defect in the spectrum can be created by changing
the lattice. This has for instance been observed in the Kohmoto model [OK85, BIT91]. Such
errors occur as the cutting process is not continuous. On the other hand, small changes of
the lattice can always provide periodic systems in the Euclidean setting. Combining these two
observations, the task is to show convergence of the measured quantities by changing the lattice
without creating a defect. Via the parametrization map, the dynamical system of the hull of
the regular model set is measurably isomorphic to the homogeneous space defined by the lattice.
With this at hand and by approximating the characteristic function function of the window
by continuous functions, the desired convergence is obtained without creating an error. This
is due to the fact that the measured quantities are not sensitive to them as they are created
at the boundary of the window. In particular, the defects observed in the Kohmoto model are
eigenvalues of finite multiplicity which are not observed in the DOS. It is worth pointing out that
the hull and the quotient space G×H/Γ are quite different from a topological perspective, since
the hull is totally disconnected. However, dealing with strongly pattern equivariant potentials
of the Hamiltonian, the Schro¨dinger operator can be lifted to the quotient space while keeping
all measured information.
Our approximation result involves two limit processes. The first is convergence of lattices in the
Chabauty-Fell topology, the second is the approximation of χW by continuous window functions.
The lattice convergence implies the convergence of the associated homogeneous spaces. This fol-
lows from the more general statement given in Theorem II.A which characterizes convergence
of Delone dynamical systems. Using the parametrization map, we lift all relevant quantities de-
fined over the dynamical system of the regular model set to analogs defined on the homogeneous
space. From the dynamical point of view, this approach is in spirit of [KR16], where dynamical
properties of (weak) model sets are analyzed. As for the autocorrelation, respectively for the
DOS, we can represent both measures as an integral over the Haar measure mY of G×H/Γ, and
the properties of W are reflected only in the integrand. This is a key observation for proving
approximation: keeping unique ergodicity, there is a canonical way to define “smoothed” ap-
proximations in terms of continuous window functions. This puts us in the convenient situation
to apply our continuity results from above to obtain convergence as Γn → Γ simultaneously
for all approximating window functions. In the full generality of random bounded operators, it
is impossible to lift the integrands for the DOS to functions on G × H/Γ. However, we show
that this can be done for the large class of strongly pattern strongly equivariant Schro¨dinger
operators. Here, the potentials are given by strongly pattern equivariant functions which have
been introduced in [KP00, Kel03, Kel08].
Approximations of regular model sets: Let P = P (G,H,Γ,W ) be a regular model set.
Consider a sequence of cocompact lattices (Γn) converging to the cocompact lattice Γ and a
sequence of continuous window functions (vl) converging pointwise monotonically to χW . Then
the following assertions hold.
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(C) The autocorrelations γΓn,vl converge to the autocorrelation γP in the weak-* topology
of Radon measures on G.
(D) For every strongly pattern equivariant Schro¨dinger operator A, the density of states
ηAΓn,vl converge to the density of states η
A
P in the weak-* topology of Radon measures on
R.
In accordance with the above description, one first takes the limit in n, and afterwards in l.
The statement (C) is formulated precisely in Theorem V.A and proven in Subsection 5.2. The
rigorous assertion of statement (D) is given in Theorem V.B and shown in Subsection 5.3.
We emphasize at this point that for the Euclidean cut-and-project schemes, one obtains approx-
imations via quantities defined on periodic structures. To see this, note that lattices in Rd are
of the form Γ = SZd for some S ∈ GLd(R). Hence, approximations of Γ can be given in the
form Γn = QnZ
d, where all entries of Qn are rational and Qn → S.
Outlook. The results of this paper are based on the fact that the dynamical systems associated
to the limit objects are uniquely ergodic. For regular model sets, this is the case. However,
the dynamical convergence is induced by the convergence of lattices, whereas the approximation
results of Theorem III and IV are valid for much more general Delone dynamical systems. This
naturally raises the question of sufficient criteria on such systems to be uniquely ergodic. In
view of new developments on Delone sets in quite general spaces, it is natural to address the
question whether analog results remain true in the setting of certain non-abelian groups such
as the Heisenberg group. In the Euclidean situation, Lagarias and Pleasants [LP03] have shown
that linear repetitive or densely repetitive Delone sets give rise to uniquely ergodic hulls. By
imposing quantitative restrictions on the repetivity, one obtains compact spaces of uniquely
ergodic Delone dynamical systems. This and more will be addressed in a subsequent paper.
Imposing suitable amenability conditions, our continuity results even imply convergence of the
spectra of the random bounded operators, cf. Remark 4.10. This raises naturally the question
if this remains true in the case of model sets as discussed in Theorem V.B. The main task will
be to show that the approximation of the window functions is compatible with the convergence
of the spectra.
Organization of the paper. In Section 1, the basic concepts of dynamical systems and
Chabauty-Fell convergence of subsystems are introduced. Furthermore, we prove in Theorem I
a general convergence principle of invariant probability measures via topological convergence
of dynamical systems. Delone sets and Delone dynamical systems and their transversals are
introduced in Section 2. We first characterize the convergence of Delone dynamical systems by
the convergence of the associated transversals, cf. Theorem II.A. Furthermore, compact spaces
of lattices are analyzed in Theorem II.B. Section 3.2 is devoted to weighted Delone sets and the
convergence of the autocorrelation, cf. Theorem III and Corollary III. Next, we discuss random
bounded operators and the density of states in Section 4. The convergence of the DOS is settled
in Theorem IV and Corollary IV. The previous continuity results are applied to regular model
sets in Section 5. Here, Theorem V.A covers the autocorrelation, and Theorem V.B treats the
DOS for strongly pattern equivariant Schro¨dinger operators. We give an appendix in Section 6
about groupoid von Neumann algebras and the Pastur-Shubin trace formula.
Acknowledgments. We thank the organizers and the participants of the Oberwolfach Work-
shop 1740 “Spectral Structures and Topological Methods in Mathematical Quasicrystals” for
various enlightening discussions. Special thanks go to Daniel Lenz for drawing our attention to
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1. A general approximation theorem
This section provides an abstract convergence principle for dynamical systems. The precise
assertion is stated and proven in Subsection 1.2. In the following, we clarify the setting and
introduce basic notions of dynamical systems.
1.1. Preliminaries. Throughout the whole paper, G denotes lcsc group with neutral element
e. When writing lcsc, we will always refer to a locally compact, second countable group which
is additionally Hausdorff. The group G comes along with a left-invariant Radon measure, called
the left Haar measure, which is unique up to constants. Furthermore, we suppose that G is
unimodular, i.e. the unique left-invariant Haar measure is also invariant from the right. Hence,
we will just use the term Haar measure. The restriction to unimodular groups is not necessary for
all our results. However, in our main applications, we have to deal with the existence of lattice
subgroups and of invariant measures on groupoids induced by measure preserving dynamical
systems. The existence of either of those objects gives a necessary criterion on the group to be
unimodular. We will further assume that G as introduced before act by homeomorphisms on
compact, metrizable spaces X. This way, we obtain a topological dynamical system, denoted by
(X,G). In most situations, we will additionally assume that there is a probability measure µ on
X which is invariant under the action of G. This means that for every Borel set A ⊆ X and each
g ∈ G, we have µ(gA) = µ(A). The triple (X,µ,G) is then referred to as a measure dynamical
system. In the sequel, we will just use the term dynamical system, since the focus on topological
or measure aspects shall become clear from the context. For a dynamical system (X,G), we say
that Y is an invariant set if gY ⊆ Y for all g ∈ G. A measure dynamical system (X,µ,G) is said
to be ergodic if for all invariant sets Y ⊆ X, one has µ(Y ) ∈ {0, 1}. Note that for non-amenable
groups, the existence of invariant measures is not guaranteed. However, in all applications we
have in mind, one can find them and in many situations, there is even only one such measure. In
this context, we say that the dynamical systems (X,G) and (X,µ,G) are uniquely ergodic if µ is
the only G-invariant probability measure on X. It is easy to see that then, µ is in fact ergodic.
In the presence of a dynamical system (X,G) and a compact invariant set Y ⊆ X, we call
the dynamical system (Y,G) a subsystem of (X,G). In non-ergodic situations, there might be
non-trivial subsystems (Y,G) carrying a G-invariant probability measure µ. This is the central
viewpoint for our approach: we will deal with (uniquely) ergodic subsystems (Y, µ,G), which we
will also interpret as non-ergodic dynamical systems (X, µ˜,G) over the ambient space, where µ˜
is the natural extension of µ to X.
The space of Radon measures R(X) on the Borel σ-algebra of the compact Hausdorff space
X is identified with Cc(X)
′ of continuous linear functionals on the space Cc(X). Then R(X) is
equipped with the induced weak-∗ topology. If a group G acts onX, the subspace of G-invariant,
probability measures is denoted by M(X). Recall that the support of µ ∈ M(X) is defined by
supp(µ) :=
{
x ∈ X
∣∣ for all open V ∋ x⇒ µ(V ) > 0} .
Note that supp(µ) ∈ K (X) for every µ ∈ M(X).
Let Z be a locally compact, second countable, Hausdorff space. Then Z is a normal space
(which means that disjoint closed subsets can be separated by open sets) and also metrizable.
Denote by K (Z) the set of all compact subsets of Z, and by C (Z) the collection of all closed
subsets of Z. For suitable choices of Z, we will endow the spaces K (Z) and C (Z) with natural
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topologies. Precisely, we will use the so-called Chabauty-Fell topology. It was Chabauty [Cha50]
who topologized the spaces of subgroups in countable groups. Some years later, Fell [Fel62]
defined a generalization of the Chabauty-topology on K (Z) for general topological spaces Z.
As a side remark, we point out that other topologies on the space of closed or compact subsets of
topological spaces have been invented and investigated much earlier, e.g. the Hausdorff topology
[Hau14] over metric spaces or the Vietoris topology [Vie22] dealing with closed rather than with
compact sets for the parametrization of the basis. A basis for the Chabauty-Fell topology on
C (Z) is given by
V (K,O) :=
{
Y ∈ C (Z) | K ∩ Y = ∅ , O ∩ Y 6= ∅ for all O ∈ O
}
where K ⊆ Z is a compact subset and O is a finite family of open subsets of Z. In an analogous
manner, one defines the Chabauty-Fell topology on K (Z).
The corresponding Chabauty-Fell topology on C (Z) is metrizable and complete, and the space
C (Z) is compact with respect to this topology, see [Fel62, Bee93]. Using the description of the
basis given above, we obtain a canonical concept of convergence. Namely, Yn → Y in C (Z) if
for all neighborhoods U of Y , there is some N ∈ N such that Yn ∈ U for each n ≥ N .
1.2. Convergence principle. This subsection is devoted to present a convergence result on
dynamical systems.
Theorem I. Let G be a lcsc group which acts by homeomorphisms on a compact, second count-
able, Hausdorff space X. Assume that (Yl, µl, G) (l ∈ N) are subsystems of (X,G) and suppose
that (Y, µ,G) is a uniquely ergodic subsystem of (X,G).
If Yl → Y in the Chabauty-Fell topology on K (X), then µl → µ in the weak-* topology ofM(X).
The theorem gives a continuity result for suitably topologized dynamical systems. This viewpoint
is underscored by the fact that every subsystem (Y,G) can be interpreted as a point in IG(X),
where the latter space denotes the space of all G-invariant, closed (in fact compact) subsets of
X. Note that IG(X) is a closed subspace of C (X) with respect to the Chabauty-Fell topology,
c.f. [BBdN17] and [Bec16, Proposition 3.2.5].
The proof of Theorem I builds on the following key lemma.
Lemma 1.1. Let X be a compact, second countable Hausdorff space. Consider a sequence
of probability measures µl ∈ M(X), l ∈ N, with their supports supp(µl) being contained in
Cl ∈ K (X), l ∈ N. Suppose that Cl converges to C ∈ K (X) in the Chabauty-Fell topology.
Then, the support of every weak-* accumulation point of (µl)l must be contained in C.
Proof. Without loss of generality, assume that µl ⇀ µ (otherwise pass to a subsequence).
Assume supp(µ) 6⊆ C holds. Thus, there is an x ∈ supp(µ) \ C. Since X is a normal space,
Urysohn’s Lemma applies. Specifically, there exists an f ∈ Cc(X) satisfying 0 ≤ f ≤ 1, f(x) = 1
and supp(f) ∩ C = ∅. Consider the compact set K := {y ∈ X | f(y) ≥ 12} ⊆ supp(f). Then a
short computation yields
µ(f) =
∫
X
f dµ ≥
∫
K
f dµ ≥
1
2
· µ(K) .
Since K is a neighborhood of x ∈ supp(µ), µ(K) > 0 follows. The weak-* convergence of the
measures (µl)l to µ implies liml→∞ µl(f) = µ(f). On the other hand, the Chabauty-Fell open
set U (supp(f), {X}) is by our assumption a neighborhood of C. By the convergence of Cl to C,
there is an l0 ∈ N such that Cl ∈ U (supp(f), {X}) for l ≥ l0. Since supp(µl) ⊆ Cl, it is implied
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that supp(f) ∩ supp(µl) = ∅ for l ≥ l0. Consequently, µl(f) = 0 follows for l ≥ l0 contradicting
liml→∞ µl(f) = µ(f) > 0. ✷
We are now ready to prove the abstract convergence theorem of the present paper. We show
that for uniquely ergodic subsystems (Y, µ,G), the measure µ is obtained as a weak*-limit of the
measures µl associated with subsystems (Yl, G), whenever Yl converges to Y in the Chabauty-Fell
topology.
Proof of Theorem I. Since the space M(X) is compact in the weak-* topology, and since
we can interpret the measures µl as elements in M(X), we can use the theorem of Banach-
Alaoglu to obtain a weak-* accumulation point µ˜ ∈ M(X). The support of the measures µl
is clearly contained in Yl. Thus, we deduce from Lemma 1.1 that supp(µ˜) ⊆ Y . Hence, µ˜ is
a G-invariant probability measure on Y . However, the dynamical system (Y,G) is uniquely
ergodic by assumption, and so µ˜ = µ. ✷
2. Delone dynamical systems
In the upcoming section, we introduce Delone dynamical systems over a lcsc group G. As
a special case, we study the subspace of lattices. Delone sets are discrete point sets in G
that are uniformly discrete with bounded gaps. The discreteness is measured by an open unit
neighborhood U ⊆ G and the maximal size of the gaps is determined by a compact neighborhood
K ⊆ G of the unit. The precise definition of (U,K)-Delone sets is given in Definition 2.1. The
group G acts naturally by translation on DelU,K and we analyze the space IU,K := IG
(
DelU,K
)
.
For Ω ∈ IU,K, the subset T ⊆ Ω of all elements D ∈ Ω such that e ∈ D is called transversal I
e
U,K
is the space of transversals equipped with the induced Chabauty-Fell topology. For the issue of
topological spectral approximation, it is convenient in many situations to consider convergence
properties of transversals [BBdN17]. However, for the approximation of measured spectral
quantities in Delone dynamical systems, the suitable approach is to investigate convergence of
hulls in the Chabauty-Fell topology. The reason for this is that the hull is invariant with respect
to the G-action, which allows us to work with G-invariant measures and to apply the results
from Section 1. This cannot be expected for the transversal. The following Theorem II.A shows
that topologically, convergence of hulls and convergence of transversals is the same. As usual,
for T ∈ K (DelU,K) and a subset A ⊂ G, we define A · T :=
⋃
a∈A a · T .
Theorem II.A. The map Φ : I eU,K → IU,K, T 7→ G · T , is a homeomorphism. In particular,
for Dn,D ∈ DelU,K, the transversals T
Dn converge to T D if and only if the hulls HDn converge
to HD.
We prove the theorem in Subsection 2.1.
Next, the set of lattices Lat in G is studied. Special attention is drawn to the spaces IU,K(Lat) ⊆
IU,K and I
e
U,K(Lat) ⊆ I
e
U,K of the corresponding hulls and transversals of lattices Lat ∩
DelU,K that are U -left uniformly discrete and K-left relatively dense. The following statement
implies that there exist compact spaces of dynamical systems that contain only uniquely ergodic
dynamical systems. In combination with the Theorem I, this is used for regular model sets in
Section 5.
Theorem II.B. Let U ⊆ G be open and K ⊆ G be compact. Then the topological spaces
IU,K(Lat),I
e
U,K(Lat) and Lat∩DelU,K equipped with the corresponding Chabauty-Fell topology
are homeomorphic. In particular, IU,K(Lat) and I
e
U,K(Lat) are compact, second countable and
Hausdorff spaces and every element in IU,K(Lat) is uniquely ergodic.
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The proof of this theorem is provided in Subsection 2.2.
2.1. Delone sets and topology. Let G be a lcsc group then Delone sets are defined as follows.
Definition 2.1. Let D ⊆ G be a non-empty set. For an open set U ⊆ G, and a compact set
K ⊆ G, we say that
• D is U -left uniformly discrete if #
(
gU ∩D
)
≤ 1 for all g ∈ G;
• D is K-left relatively dense if D ·K = G.
A U -left uniformly discrete and K-left relatively dense set D ⊆ G is called (U,K)-Delone set or
just Delone set. The set of all (U,K)-Delone sets is denoted by DelU,K .
Classically, Delone sets are introduced by using a left-invariant metric on the group G. According
to [BH16, Proposition 2.2, Lemma 2.3], these notions coincide.
Clearly, every element in DelU,K is a closed subset of G since it is U -left uniformly discrete.
Thus, DelU,K ⊆ C (G) is a compact, second countable Hausdorff space endowed with the induced
Chabauty-Fell topology, cf. [Moo97, Sch00, BL04, BHP16]. Note that due to compactness, we
have K (DelU,K) = C (DelU,K). In order to deal with discrete Schro¨dinger operators associated
with Delone sets, it is useful to consider DeleU,K ⊆ C (G), the set of Delone sets containing the
neutral element e. This space is also compact, second countable and Hausdorff in the induced
Chabauty-Fell topology.
The group G acts naturally by translation homeomorphisms on the space DelU,K , cf. Propo-
sition 6.1. In order to speak about dynamical systems arising from Delone set, we need the
concept of invariant subsets of DelU,K and Del
e
U,K .
Definition 2.2. Let U ⊆ G be open and K ⊆ G be compact.
• A subset Ω ⊆ DelU,K is called G-invariant if G ·D ⊆ Ω for every D ∈ Ω. The set of all
G-invariant, closed, non-empty subsets of DelU,K is denoted by IU,K.
• A subset T ⊆ DeleU,K is called invariant if {x
−1L |x ∈ L} ⊆ T for each L ∈ T . The set
of all invariant, closed, non-empty subsets of DeleU,K is denoted by I
e
U,K.
By using again the Chabauty-Fell topology, the sets IU,K and I
e
U,K become topological spaces
that are the fundamental objects of this work.
Proposition 2.3 ([Bec16, BBdN17]). Let U ⊆ G be open and K ⊆ G be compact. The space
IU,K ⊆ K (DelU,K) and I
e
U,K ⊆ K (Del
e
U,K) are compact, second countable and Hausdorff in
the Chabauty-Fell topology.
We will be mainly concerned with G-invariant sets arising from one element D ∈ DelU,K . We
define the hull of D ∈ DelU,K as the Chabauty-Fell closure
HD :=
{
gD | g ∈ G
}
∈ IU,K .
Such G-invariant closed subsets of DelU,K are called topologically transitive. The set
T D := {x−1D | x ∈ D} =
{
D′ ∈ HD
∣∣ e ∈ D′} ∈ I eU,K
is called transversal of D. In order to prove the Theorem II.A we need the following lemma.
Lemma 2.4. Let F ⊆ DelU,K be closed and T ∈ I
e
U,K. Then the following assertions are
equivalent.
(i) The intersection F ∩G · T is empty.
(ii) The intersection F ∩K−1 · T is empty.
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Proof. The implication (i)⇒(ii) is clear as K−1 ⊆ G. Thus, it suffices to show the converse
implication. To this end, let g ∈ G and L ∈ T . The set L is K-left relatively dense (recall this
means L ·K = G), and so K−1 · L−1 = (L ·K)−1 = G−1 = G. Consequently, there is an x ∈ L
and an h ∈ K such that h−1x−1 = g. Set L′ := x−1L. Since x ∈ L, we have L′ ∈ T by the
invariance of T . Hence, we get gL = h−1L′ 6∈ F , since F ∩K−1 · T = ∅. As g ∈ G and L ∈ T
were arbitrarily chosen, the intersection F ∩G · T is empty. ✷
Proof of Theorem II.A. We show Φ is (a) well-defined, (b) injective, (c) surjective and (d)
continuous. Then [vQ01, Satz 8.11] implies that Φ is a homeomorphism, since I eU,K is compact
and IU,K is Hausdorff.
(a): Let T ∈ I eU,K . By definition, Φ(T ) = G · T ⊆ DelU,K is invariant and non-empty. Thus,
it suffices to prove that G · T is Chabauty-Fell closed. Let gnLn ∈ G · T , n ∈ N, be convergent
to L ∈ DelU,K . Since Ln is K-left relatively dense, we get K
−1 · L−1n = (Ln ·K)
−1 = G−1 = G.
Thus, for each n ∈ N, there are xn ∈ Ln and hn ∈ K such that gn = h
−1
n x
−1
n . By compactness
of K, there is no loss of generality in assuming that (hn) converges to h (otherwise pass to a
subsequence). Consequently, we obtain
x−1n Ln = hn
(
h−1n x
−1
n Ln
)
= hn︸︷︷︸
→h
(
gnLn︸ ︷︷ ︸
→L
)
−→
n→∞
hL
by using the continuity of the G-action on DelU,K , c.f. Proposition 6.1. Since T is closed, the
above convergence shows that hL ∈ T . We arrive at L = h−1(hL) ∈ G · T implying hL ∈ G · T .
(b): Let T1,T2 ∈ I
e
U,K be such that Φ(T1) = Φ(T2). It suffices to show T1 ⊆ T2. Consider
L ∈ T1. Since T1 ⊆ Φ(T1) = Φ(T2), there is an element g ∈ G and L
′ ∈ T2 such that gL
′ = L.
Since e ∈ L = gL′, we have g−1 ∈ L′, and from the invariance of T2, we derive L ∈ T2.
(c): Let Ω ∈ IU,K. Define T (Ω) := {D ∈ Ω | e ∈ D}. Note that T (Ω) ⊆ Del
e
U,K is Chabauty-
Fell closed. Additionally, T (Ω) is invariant in DeleU,K, since Ω is G-invariant. Consequently,
T (Ω) ∈ I eU,K . We show Φ
(
T (Ω)
)
= Ω. Since T (Ω) ⊆ Ω and Ω is G-invariant, we have
Φ
(
T (Ω)
)
⊆ Ω. For the converse, let D ∈ Ω. Then for x ∈ D, we have e ∈ x−1D and x−1D ∈ Ω,
which yields x−1D ∈ T (Ω). Thus, D = xx−1D ∈ Φ
(
T (Ω)
)
follows by definition, proving
Ω ⊆ Φ
(
T (Ω)
)
.
(d): Let U := U
(
F , {O1, . . . ,On}
)
⊆ IU,K be a Chabauty-Fell open set, where F ⊆ DelU,K is
compact and the Oi ⊆ DelU,K are open. We intend to show that Φ
−1(U ) is open. It suffices
to prove that there exists a Chabauty-Fell open neighborhood V ⊆ I eU,K of T ∈ I
e
U,K, which
satisfies Φ(T ) ∈ U , such that Φ(V ) ⊆ U . Let T ∈ I eU,K be so that Φ(T ) ∈ U . Thus,
F ∩ G · T = ∅ and Oi ∩ G · T 6= ∅ for i = 1, . . . , n. Note that F is compact as a subset
of DelU,K , and so K × F ⊆ G × DelU,K is compact. Hence, K · F ⊆ DelU,K is compact
since the action of G on K (DelU,K) = C (DelU,K) is jointly continuous. In the same way,
one obtains that G · Oi ⊆ DelU,K is open. Now define the Chabauty-Fell open set V :=
U
(
K · F , {G · O1, . . . , G · On}
)
∩ I eU,K ⊆ I
e
U,K . According to Lemma 2.4, F ∩ G · T = ∅ is
equivalent to F ∩ K−1 · T = ∅ being equivalent to K · F ∩ T = ∅. Additionally, Oi ∩ G · T
is non-empty implying T ∩ G · Oi 6= ∅ for i = 1, . . . , n. Consequently, V is a Chabauty-Fell
neighborhood of T . It is left to show that Φ(V ) ⊆ U : Let T ′ ∈ V . Then Lemma 2.4 implies
F ∩ G · T ′ = ∅. Furthermore, T ′ ∩G · Oi 6= ∅ leads to Oi ∩G · T
′ 6= ∅. Altogether, Φ(T ′) ∈ U
follows finishing the proof. ✷
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A crucial ingredient for the convergence of the spectral quantities like the density of states and
the autocorrelation is that the corresponding integrands are continuous. The following assertion
provides this continuity.
Lemma 2.5. Let G be a lcsc group and DelU,K be the compact space of Delone sets in G with
e ∈ U ⊆ G open and K ⊆ G compact. For every ϕ ∈ Cc(DelU,K ×G), the map
Φ(ϕ) : DelU,K → C , Φ(ϕ)(D) :=
∑
x∈D
ϕ(D,x) ,
is continuous in the Chabauty-Fell topology of DelU,K .
Proof. Let D ∈ DelU,K and ε > 0. Denote by F the compact set πG(supp(ϕ)) ⊆ G where
πG : DelU,K × G → G denotes the projection on G. Since D is U -uniformly discrete, we have
D ∩ F = {x1, . . . , xl} and so Φ(ϕ)(D) =
∑l
i=1 ϕ(D,xi). Due to continuity of ϕ, there exists an
open neighborhood Vε of D and open neighborhoods U
i
ε ⊆ xiU of xi for i = 1, . . . , l such that∣∣ϕ(D′, y)− ϕ(D,xi)∣∣ < ε
l
, (D′, y) ∈ Vε × U
i
ε .
Define the Chabauty-Fell open neighborhood U := Vε ∩ U
(
C,O) for the compact set C :=
F \
⋃l
i=1 U
i
ε ⊆ G and the finite family of open sets O := {U
1
ε , . . . , U
n
ε }.
Let D′ ∈ U . Since U iε ⊆ xiU and D
′ is U -uniformly discrete, the intersection D′ ∩ U iε = {yi}
contains exactly one element. Thus, we have D′ ∩F ⊆ {y1, . . . , yl} by construction of U . Since
ϕ(D′, y) = 0 if y ∈ D′ ∩ F c, the identity Φ(ϕ)(D′) =
∑l
i=1 ϕ(D
′, yi) follows. Hence,∣∣Φ(ϕ)(D) − Φ(ϕ)(D′)∣∣ ≤ l∑
i=1
|ϕ(D,xi)− ϕ(D
′, yi)|︸ ︷︷ ︸
≤ε/l
≤ ε , D′ ∈ U ,
as (D′, yi) ∈ Vε×U
i
ε for i = 1, . . . , l. Since ε > 0 was arbitrary, this shows the desired continuity
of Φ(ϕ). ✷
2.2. Spaces of lattices. In this section, we provide some elementary and for the most part
well-known facts about dynamics on lattices. Note that those constitute a specific class of
Delone dynamical systems. Precisely, we study continuous actions of a lcsc unimodular group
G on homogeneous spaces of the form G/Γ, where Γ is a cocompact lattice in G.
Recall that a closed, discrete subgroup Γ < G is called lattice if the quotient G/Γ admits a G-
invariant probability measuremY . We say a lattice is uniform or cocompact if G/Γ is compact. It
is not hard to see that in the cocompact situation, there can be at most one invariant probability
measure mY on G/Γ. Accordingly, we refer to mY as the Haar measure on the quotient space,
even if the latter does not need to be a group.
The set of all lattices in G is denoted by Lat. Recall that if a lcsc group admits a lattice, then
it must be unimodular, i.e. the left Haar measure and the right Haar measure coincide on G,
cf. e.g. [DE09, Theorem 9.1.6]. The space of cocompact closed subgroups of G and the space
of discrete subgroups are open in the Chabauty-Fell topology [Bou63, Ole73, BdlHK09]. The
space of lattices does not need to be open in general. However, there exist examples with open
lattice spaces Lat [Rag72]. The key to this issue are uniform bounds on the discreteness as
well as on the compactness parameters of the lattices. With bounds on those parameters, one
obtains subspaces which are compact in the Chabauty-Fell topology. For Euclidean lattices, this
phenomena is known as the Mahler criterion, cf. [Mah46], which was generalized to semisimple
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Lie groups by Mumford [Mum71]. In our situation, the space Lat ∩ DelU,K equipped with the
induced Chabauty-Fell topology is a compact, second countable Hausdorff space, c.f. [Cha50].
Lemma 2.6. Every cocompact lattice Γ < G is a Delone set. Furthermore, the transversal
satisfies T Γ = {Γ} and the hull HΓ equals the orbit G · {Γ}.
Proof. Since Γ−1Γ = Γ and Γ is discrete, [BH16, Proposition 2.2] implies that Γ is uniformly
discrete. Additionally, Γ−1Γ = Γ yields T Γ = {Γ}. By cocompactness, the hull HΓ is equal to
G · {Γ}. Hence, ∅ 6∈ HΓ, which in turn implies that Γ is relatively dense [BH16, Proposition 4.4].
✷
The following proposition is probably known. Similar continuity results play a significant role in
the theory of invariant random subgroups (IRS). For a nice survey on IRS, we refer to [Gel15].
In the context of this work, we give a proof via the abstract approximation Theorem I. This
underscores our point of view of interpreting convergence of lattices and equivalently convergence
of their hulls as a particular case of convergence of Delone dynamical systems. However, this
result becomes important when we study continuity behavior of spectral quantities over model
sets with respect to small changes of the projection lattice, cf. Section 5.
Proposition 2.7. Let Γn,Γ ∈ Lat ∩ DelU,K for n ∈ N. Then Γn → Γ in Lat ∩ DelU,K if and
only if {Γn} → {Γ} in I
e
U,K. In particular, we have in this situation
lim
n→∞
mn = mY
in the weak-∗-topology on DelU,K , where mn, respectively mY denote the Haar measures on
G/Γn, respectively on G/Γ.
Proof. Suppose {Γn} → {Γ} in I
e
U,K and let U be an open neighborhood of Γ in DelU,K.
Then V (∅, {U }) is an open neighborhood of {Γ}. Hence, there is an n0 ∈ N such that {Γn} ∈
V (∅, {U }) follows for n ≥ n0. Thus, Γn ∈ U is derived for n ≥ n0 implying Γn → Γ.
Now suppose Γn → Γ in DelU,K and let V (F,O) be an open neighborhood of {Γ}. Since
{Γ} ∈ V (F,O), the set U :=
⋂
O∈O O ∩ DelU,K \ F is an open neighborhood of Γ in DelU,K.
Hence, there is an n0 ∈ N such that Γn ∈ U for n ≥ n0 implying {Γn} ∈ V (F,O). Thus, the
convergence {Γn} → {Γ} in I
e
U,K follows.
Since mY is the unique invariant probability measure on G/Γ, the claimed convergence of the
measures follows from Theorem I. ✷
Since DelU,K is closed in the Chabauty-Fell topology we further derive the following. Denote
by I eU,K(Lat) ⊆ I
e
U,K the set of all transversals associated with the elements of Lat ∩DelU,K .
Proof of Theorem II.B. Theorem II.A implies that IU,K(Lat) and I
e
U,K(Lat) are homeo-
morphic if equipped with the Chabauty-Fell topology. According to Lemma 2.6, every element
in I eU,K(Lat) contains exactly one element. Define the map Ψ : Lat ∩DelU,K → I
e
U,K(Lat) by
Γ 7→ {Γ} being bijective and continuous by Proposition 2.7. Furthermore, I eU,K(Lat) ⊆ I
e
U,K is
Hausdorff and Lat ∩ DelU,K ⊆ DelU,K is compact in the corresponding induced Chabauty-Fell
topologies. Thus, Ψ is a homeomorphism, see e.g. [vQ01, Satz 8.11]. Thus, IU,K(Lat) and
I eU,K(Lat) are compact, second countable and Hausdorff spaces. ✷
3. Convergence of the autocorrelation
We introduce weighted Delone sets in Subsection 3.1. Their definition is motivated by weighted
model sets that were studied in the abelian world, [Baa02, BM04, LR07, BG13, Str14, RS15,
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RS17, BHS17]. However, our point of view is slightly different since we will consider weighted
model sets as subsets of the product space G × H without projecting them to G, where both
G,H are unimodular lcsc groups. The weights are given by compactly supported functions on
H. In that respect, our approach is more closely related to the work [KR16].
In Subsection 3.2, we show the main assertion of this section that the autocorrelation converges
in the weak-∗ topology if the Delone dynamical systems converge in the Chabauty-Fell topology
and the limiting dynamical system is uniquely ergodic, c.f. Theorem III and Corollary III. The
proof is an application of Theorem I.
3.1. The weighted autocorrelation for Delone sets. Throughout the section Del∗ denotes
the set of Delone sets with fixed parameters U and K. The closed, G×H-invariant subsets are
denoted by IG×H(Del∗). Whenever we only speak about Delone sets in G we will specify. We
denote by πG, πH the continuous projections from G×H to G, respectively to H.
Definition 3.1 (Weighted Delone set). A measurable, bounded function v : H → [0,∞) with
compact support is called window function. If, in addition, v is continuous, we say v is a
continuous window function. For a Delone set D in G × H, we call the tuple (D, v) weighted
Delone set. If D = Γ is a cocompact lattice, we call (Γ, v) a weighted model set.
If (D, v) is a weighted Delone set, then every point x ∈ D carries a weight given by the value
v
(
πH(x)
)
. We point out that for the definition of weighted model sets, there is no need to restrict
oneself to cocompact lattices. However, in order to stay in the setting of weighted Delone sets,
we include cocompactness in the definition.
Definition 3.2 (Periodization). For a window function v : H → [0,∞), we define the (weighted)
periodization on the Delone sets Del∗ on G×H with fixed parameters by
Pvf : Del∗ → R , Pvf(D) :=
∑
x∈D
f(πG(x)) v(πH(x)), f ∈ Cc(G).
Lemma 3.3. The periodization is G-equivariant and the map IG×H(Del∗) ∋ D 7→ Pvf(D) is
continuous for each f ∈ Cc(G) if v is a continuous window function.
Proof. Since v(πH(x)) = v(πH(gx)) for all g ∈ G and x ∈ G×H, the G-equivariance Pvf(gΛ) =
Pvf(g·)(Λ) follows by a short computation. Let v be a continuous window function and f ∈
Cc(G). Then the map Del∗ ×G×H ∋ (D,x) 7→ f(πG(x)) v(πH (x)) is continuous with compact
support contained in Del∗×supp(f)×supp(v). Thus, the continuity of the periodization follows
by Lemma 2.5. ✷
The notion of periodization (sometimes also called Siegel transformation) has been studied before
in a wide range of contexts, among them diffraction theory. Here, periodization maps can be
used to determine the autocorrelation of Delone dynamical system, which is a unique positive
definite Radon measure on G. Due to its continuity and G-invariance, the window function is
an additional compatible ingredient.
For the proof of existence, we use that Cc(G) is a ∗-algebra with the usual involution and
convolution defined by
f∗(g) := f(g−1), (f1 ∗ f2)(g) :=
∫
G
f1(h)f2(h
−1g) dmL(h).
The following proposition is a well-known statement from abstract harmonic analysis. Our proof
follows the lines of the proof of [BHP16, Proposition 4.8].
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Proposition 3.4. Fix Ω ∈ IG×H(Del∗) with a G-invariant, probability measure µ on Ω and
suppose that v ∈ Cc(H) is a continuous window function. Then, there is a unique positive definite
Radon measure γ := γΩ,v,µ on G satisfying
γ
(
f∗1 ∗ f2
)
=
〈
Pvf1,Pvf2
〉
L2(Ω,µ)
=
∫
Ω
Pvf1(D) Pvf2(D) dµ(D)
for all f1, f2 ∈ Cc(G).
Proof. Define a Radon measure γ˜ on G×G by
γ˜(f1 ⊗ f2) :=
〈
Pvf1,Pvf2
〉
L2(Ω,µ)
, f1, f2 ∈ Cc(G).
The integral is well-defined by Lemma 3.3. Additionally, Lemma 3.3 and the G-invariance of µ
imply that the measure γ˜ is invariant by the action of the diagonal subgroup ∆(G) of G × G.
Thus, we can view γ˜ as a measure on ∆(G)\G ×G. The map ∆(G)\G ×G→ G, [g, h] 7→ g−1h
is a homeomorphism. Consequently, γ˜ corresponds to a measure γ satisfying γ˜(f1 ⊗ f2) =
γ(f∗1 ∗ f2). The identity γ
(
f∗ ∗ f
)
= ‖Pvf‖
2
L2(Ω,µ) ≥ 0 implies that the measure is positive
definite. Furthermore, {f∗1 ∗ f2 | f1, f2 ∈ Cc(G)} ⊆ Cc(G) is dense implying the uniqueness. ✷
Definition 3.5. Let Ω ∈ IG×H(Del∗) with a G-invariant, probability measure µ on Ω and
v ∈ Cc(H) be a continuous window function. We call the measure γΩ,v,µ given by the formula in
Proposition 3.4 a (v-weighted) autocorrelation of (Ω, µ,G).
If, in addition, the dynamical system (Ω, G) is uniquely ergodic with invariant measure µ, then
the measure γΩ,v := γΩ,v,µ is called the (v-weighted) autocorrelation measure or just the (v-
weighted) autocorrelation of Ω. If H = {eH} is the trivial group and v = 1 the notation γΩ,µ
respectively γΩ is used.
Remark 3.6. It is worth pointing out that the previously defined concept delivers the notion of
autocorrelation of Delone sets D in a lcsc group G by considering the trivial group H = {eH}
with continuous window function v = 1. It was shown in [BHP16, Corollary 5.4] that for uniquely
ergodic hulls HD, this notion coincides with the classical concepts of autocorrelation.
3.2. Approximation of the autocorrelation. We now prove that the autocorrelation of
uniquely ergodic Delone dynamical systems is approximated by all possible autocorrelations
of hulls converging to the system.
Theorem III. Let Ω ∈ IG×H(Del∗) be uniquely ergodic with measure µ and v ∈ Cc(H) be
a continuous window function. If (Ωl, µl, G) are Delone dynamical systems such that Ωl ∈
IG×H(Del∗) , l ∈ N , and Ωl → Ω in the Chabauty-Fell topology, then
lim
l→∞
γΩl,v,µl = γΩ,v
in the weak-∗-topology on M(G).
Proof. Note first that suppµ ⊆ Ω and suppµl ⊆ Ωl. Since Ω is uniquely ergodic and Ωl → Ω
in the Chabauty-Fell topology, Theorem I implies the convergence of the measures (µl) in the
weak-∗ topology to µ. We write γl := γΩl,v,µl and γ := γΩ,v. The continuity of v leads to the
continuity of D 7→ Pv(f)(D) for f ∈ Cc(G), c.f. Lemma 3.3. Thus, the formula of Proposition 3.4
and w- ∗ - liml→∞ µl = µ leads to
lim
l→∞
γl
(
f∗1 ∗ f2
)
= lim
l→∞
∫
Del∗
Pv(f1) Pv(f2) dµl =
∫
Del∗
Pv(f1) Pv(f2) dµ = γ
(
f∗1 ∗ f2
)
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for f1, f2 ∈ Cc(G). ✷
The specific case where H = {eH} is the trivial group and v = 1, leads to the following.
Corollary III (Continuity of the autocorrelation for Delone sets). Let Ω ∈ IG(Del∗) be
a uniquely ergodic Delone dynamical system. If (Ωl, µl, G) are Delone dynamical systems in
IG(Del∗) such that Ωl → Ω in the Chabauty-Fell topology, then
w- ∗ - lim
l→∞
γΩl,µl = γΩ,µ
in the weak-∗-topology on M(G).
4. Random bounded operators and convergence of the density of states
This section deals with random bounded operators that are introduced in Subsection 4.1. As a
further application of Theorem I, we derive that the corresponding density of states converges
in the weak-∗ topology if the underlying Delone dynamical systems converge and the limiting
Delone dynamical system is uniquely ergodic, c.f. Theorem IV and Corollary IV.
4.1. Random bounded operators. As before, Del∗ denotes the set of Delone sets in G ×
H with fixed parameters U and K. The closed, G × H-invariant subsets are denoted by
IG×H(Del∗). Whenever we only speak about Delone sets in G we will specify. In order to
use the abstract theory of the density of states discussed in the Appendix 6.2, we assume that
the groups G and H are unimodular.
In the following we describe the class of operators which lie at the heart of our investigations. Let
v ∈ Cc(H) be a window function and D ∈ Del∗. A priori, 〈u, v〉D,v :=
∑
x∈D u(x) v(x) v(πH(x))
defines only a semi inner product. Passing to D˜ := {x ∈ D | v(πH(x)) 6= 0}, the Hilbert space
ℓ2(D˜, v) can be defined and the above semi inner product is actually an inner product. With a
slight abuse of notation, we consider ℓ2(D, v) as Hilbert space with inner product 〈u, v〉D,v :=∑
x∈D u(x) v(x) v(πH(x)). Hence, the window function v ∈ Cc(H) induces a family of weighted
Hilbert spaces
(
ℓ2(D, v)
)
D∈Del∗
. The G-invariance of the weight function v will play a crucial
role in order to define the direct integral space
∫ ⊕
Ω ℓ
2(D, v) dµ(D).
A crucial point of view is that the Hamiltonians are elements of the associated C∗-algebra
[Bel86]. Following the lines of [LS03a, Section 4], we define a C∗-algebra of operators that
we are dealing with. These operator families are integral operators with suitable kernels (or
convolution operators) defined on the family of Hilbert space
(
ℓ2(D, vD)
)
D∈Del∗
.
Lemma 4.1. Let W ⊆ H be compact. The set
X := XW :=
{
(x,D, y)
∣∣ D ∈ Del∗, x, y ∈ D ∩G×W}
is a closed G-invariant subset of (G×H)×Del∗ × (G×H).
Proof. The set X is closed as intersection of the two closed sets {(x,D, y) |x, y ∈ D} and
(G×W )×Del∗ × (G×W ). ✷
In the following, the closed subset X ⊆ (G×H)×Del∗× (G×H) is equipped with the induced
topology.
Definition 4.2. A continuous function a ∈ C(X) is called kernel of finite type if
(i) ‖a‖∞ <∞; (bounded)
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(ii)
there is a compact Ka ⊆ G such that K
−1
a = Ka and for all
(x,D, y) ∈ X with πG(x
−1y) 6∈ Ka , we have a(x,D, y) = 0;
(finite range)
(iii) a(gx, gD, gy) = a(x,D, y) for all g ∈ G and (x,D, y) ∈ X. (G-invariance)
The set Ka is called support of influence of a.
In order to define an associated C∗-algebra, let v ∈ Cc(H) be a continuous window function and
X := Xsupp(v). The vector space K
fin(G × H, v) of all kernels a ∈ C(X) of finite type (with
pointwise addition and scalar multiplication) give rise to a ∗-algebra if equipped with
a∗(x,D, y) := a(y,D, x) , (involution)
(a ⋆ b)(x,D, y) :=
∑
z∈D
a
(
x,D, z
)
b
(
z,D, y
)
v(πH(z)) , (convolution)
where a denotes complex conjugation. It is straight forward to check that a∗ and a ⋆ b are again
elements of Kfin(G ×H, v). For the continuity of a ⋆ b one uses the finite range property and
an argument similar to the one in the proof of Lemma 2.5.
We define a ∗-representation λD : Kfin(G ×H, v) → L(ℓ2(D, v)), D ∈ Del∗, of K
fin(G ×H, v)
into the linear bounded operators of (ℓ2(D, v))D via(
λD(a)u
)
(x) :=
∑
y∈D
a(x,D, y) u(y) v(πH(y)) ,
for a ∈ Kfin(G × H, v), u ∈ ℓ2(D, v) and x ∈ D. Recall that λD is a ∗-representation if it is
linear, multiplicative (i.e., λD(a ⋆ b) = λD(a)λD(b)) and compatible with the involution (i.e.,
λD(a∗) = λD(a)∗). Furthermore, the family of representations
(
λD
)
D
is faithful, i.e., a = 0 if
and only if λD(a) = 0 for all D ∈ Del∗. The norm completion C(G × H, v) of K
fin(G ×H, v)
with the norm ‖a‖ := supD∈Del∗ ‖λ
D(a)‖ gets a C∗-algebra.
Remark 4.3. As shown for G = Rd in [LS03a, Proposition 4.4], the C∗-algebra C(G × H, v)
is isomorphic in terms of C∗-algebra of the associated groupoid C∗-algebra studied in [Bel86,
BHZ00, BBdN17]. There, the groupoid C∗-algebra is defined by the transversal of a Delone
dynamical system. Those results extend to our situation. We leave the proof to the reader as it
is straightforward.
Definition 4.4. The operator family A := (AD)D defined by AD := λ
D(a) for a ∈ C(G×H, v)
is called a random bounded operator over the family of Hilbert spaces (ℓ2(D, v))D. We say that
a ∈ C(G×H, v) is the kernel of A. If a ∈ Kfin(G×H, v), we say A is of finite range.
Let u ∈ Cc(G×H) and define (uD)D by the restrictions uD := u|D for D ∈ Del∗. The following
statement assures that random bounded operators are contained in the von Neumann algebra
defined in Appendix 6.2. With this at hand, the corresponding theory about the density can be
used for random bounded operators.
Proposition 4.5. Let A be a random bounded operator with kernel a ∈ C(G×H, v).
(i) Let ρ ∈ Cc(G). Then the map Del∗ ∋ D 7→
∑
x∈D ρ
(
πG(x)
)
〈δx, ADδx〉D,v is continuous.
(ii) The operator family A is G-equivariant, i.e., for every g ∈ G and D ∈ Del∗, we have
TgADT
∗
g = AgD where Tg : ℓ
2(D, v)→ ℓ2(gD, v), Tgu := u(g
−1·).
Proof. We show the desired results for random bounded operators A of finite range. They
extend immediately to all random bounded operators by approximating them in norm. So let
a ∈ Kfin(G × H, v) be a kernel of A with support of influence Ka ⊆ G. Using Lemma 4.1,
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X ⊆ (G×H)×Del∗× (G×H) equipped with the induced topology is second countable, locally
compact, Hausdorff. Thus, X is a normal space and so Tietzes extension theorem applies.
Specifically, there is a a˜ ∈ C
(
G×H ×Del∗ ×G×H
)
satisfying a˜|X = a.
(i): The map ϕA : Del∗ ×G×H → C defined by
ϕA(D,x) := ρ
(
πG(x)
)
a˜(x,D, x) v(πH(x)), (D,x) ∈ Del∗ ×G×H
is continuous as all involved functions are continuous. Furthermore, its support supp(ϕA) is
contained in the compact set Del∗ × supp(ρ)× supp(v). Hence, the map
Del∗ ∋ D 7→
∑
x∈D
ϕA(D,x) =
∑
x∈D
ρ
(
πG(x)
)
a˜(x,D, x) v(πH(x))
is continuous by Lemma 2.5. The latter sum equals to
∑
x∈D ρ
(
πG(x)
)
〈δx, ADδx〉D,v since a˜
agrees with a on X. Consequently, we have shown the desired continuity.
(ii): Let g ∈ G and D ∈ Del∗. For x ∈ gD and u ∈ Cc(G×H), we get(
TgADT
∗
g u
)
(x) =
∑
y∈D
a
(
g−1x,D, y
)
u(gy) v(πH(y))
=
∑
y∈D
a(x, gD, gy)u(gy) v(πH (gy)) =
(
AgDu
)
(x)
by using the G-invariance of the kernel a and the window function v ◦ πH . Since {uD |u ∈
Cc(G × H)} = Cc(D, v) ⊆ ℓ
2(D, v) is dense and A is bounded, the desired equivariance of the
operators follows. ✷
Remark 4.6. The specific case that H = {eH} is the trivial group with v = 1 provides the class
of random bounded operators A = (AD)D∈DelG
∗
.
Based on the non-commutative integration theory of A. Connes [Con79], the density of states
is introduced in [LS03a, LS03b, LPV07] in the setting of von Neumann algebras arising from a
groupoid structure. Dealing with continuous function, it can likewise be defined in the realm
of C∗-algebras. In order to obtain a measure preserving groupoid structure (which is part of
the requirements of an admissible setting, cf. [LPV07]), we need to assume that the group G is
unimodular. A more detailed discussion is provided in Appendix 6.2.
Let Ω ∈ IG×H(Del∗) with G-invariant probability measure µ on Ω. We define the associated
von-Neumann algebra N (Ω, G×H,µ, v) of all measurable, bounded and G-equivariant operator
families (AD)D∈Ω (quotient by the equivalence relation that the operator families agree µ-almost
everywhere). For this construction, it is crucial that the window function is G-invariant in order
to use the theory of direct integrals for
∫ ⊕
Ω ℓ
2(D, v) dµ(D). For more information on direct
integral theory, we refer the reader to [Dix81].
Corollary 4.7. Every random bounded operator A defines an element of N (Ω, G×H,µ, v) and
so AΩ =
∫ ⊕
Ω AD dµ(D) is a diagonalizable operator on
∫ ⊕
Ω ℓ
2(D, v) dµ(D).
Proof. Consider the restriction AΩ := (AD)D∈Ω of A to Ω. Then supD∈Ω ‖AD‖ ≤ ‖A‖ holds
and so AΩ is bounded. Furthermore, AΩ is G-equivariant by Proposition 4.5 (ii). Finally,
Ω ∋ D 7→ 〈ADuD, uD〉D,v is continuous (and hence measurable) for all u ∈ Cc(G × H) which
follows the same lines as Proposition 4.5 (i). Thus, AΩ is measurable on the induced measurable
structure on
∫ ⊕
Ω ℓ
2(D, v) dµ(D) defined in Appendix 6.2. Consequently, the equivalence class of
AΩ is in N (Ω, G×H, v) and so it is diagonalizable. ✷
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Remark 4.8. Corollary 4.7 asserts that C(G × H, v) is a C∗-subalgebra of the von Neumann
algebra N (Ω, G×H,µ, v) defined in the appendix, c.f. Appendix 6.2.
For self-adjoint, diagonalizable operators, we now define their weighted density of states in terms
of a Pastur-Shubin trace formula.
Definition 4.9. Let G and H lcsc groups where G is unimodular and Ω ∈ IG×H(Del∗) with
G-invariant probability measure µ. Consider a continuous window function v ∈ Cc(H) and
ρ ∈ Cc(G) a non-negative function satisfying
∫
G ρ dmG = 1. The (weighted) abstract density of
states of a self-adjoint random bounded operator A is defined by
ηAΩ,v,µ
(
φ
)
=
∫
Ω
∑
x∈D
ρ(x) 〈δx, φ(AD)δx〉D,v dµ(D), φ ∈ Cc(R).
The notion above is well-defined in the sense that it is independent of the choice of ρ by Propo-
sition 6.2. The proof follows by standard computations [LPV07, Lemma 2.9] in context von
Neumann algebras. For the convenience of the reader, we provide a proof of this fact in Ap-
pendix 6.2. If Ω ∈ IG×H(Del∗) is uniquely ergodic with measure µ, we use the notation
ηAΩ,v := η
A
Ω,v,µ. Furthermore, if H = {eH} is the trivial group and v = 1, the index v is not used
in the sequel.
4.2. Approximation of the density of states for Delone sets. Next, we show that the
abstract density of states can be approximated in the weak-∗ topology by approximating the
uniquely ergodic Delone dynamical system.
Theorem IV. Let G and H be lcsc groups where G is additionally unimodular. Assume further
that Ω ∈ IG×H(Del∗) is uniquely ergodic with measure µ and that v ∈ Cc(H) is a continuous
window function. Suppose (Ωl, µl, G) are Delone dynamical systems such that Ωl → Ω in the
Chabauty-Fell topology. Then, for every self-adjoint random bounded operator A, we have
w- ∗ - lim
l→∞
ηAΩl,v,µl = η
A
Ω,v
in the weak-∗-topology on M(R).
Proof. Let A be a random bounded operator. Since Ω is uniquely ergodic and Ωl → Ω in the
Chabauty-Fell topology, Theorem I implies the convergence of the measures (µl) to µ in the
weak-∗ topology. We write ηl = η
A
Ωl,v,µl
and η := ηAΩ,v. Let φ ∈ Cc(R). Then B := φ(A) defined
by the functional calculus is a random bounded operator. Thus,
lim
l→∞
ηl(φ) = lim
l→∞
∫
Del∗
∑
x∈D
ρ(x)〈δx, BDδx〉D,v dµl(D) =
∫
Del∗
∑
x∈D
ρ(x)〈δx, BDδx〉D,v dµ(D)
follows since (µl) converges in the weak-∗ topology to µ and D 7→
∑
x∈D ρ(x)〈δx, BDδx〉D,v is
continuous by Proposition 4.5 (i). The latter expression is nothing but η(φ). Consequently,
w- ∗ - liml→∞ ηl = η is derived. ✷
The following corollary deals with the case that H = {eH} is the trivial group with continuous
window function v = 1.
Corollary IV (Continuity of the density of states for Delone sets). Let G be a unimodular
lcsc group and Del∗ := DelU,K be the compact space of Delone sets in G with fixed U and K.
Consider a uniquely ergodic Delone dynamical system Ω ∈ IG(Del∗). If (Ωl, µl, G) are Delone
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dynamical systems in IG(Del∗) such that Ωl → Ω in the Chabauty-Fell topology, then, for every
self-adjoint random bounded operator A,
w- ∗ - lim
l→∞
ηAΩl,µl = η
A
Ω,µ
in the weak-∗-topology on M(R).
Remark 4.10. (i) As discussed in Remark 4.3, a random bounded operator on a dynamical
system can be represented by an element of a groupoid C∗-algebra induced by the corresponding
transversal. Since the isomorphism preserves the spectrum, the spectrum of both elements co-
incide. Due to Theorem II.A, the transversals (Tl) of a sequence of Delone dynamical systems
(Ωl, µl, G) converge to the transversal T of (Ω, µ,G) if and only the Delone dynamical systems
converge. Thus, if the action of G on Del∗ is amenable, then the convergence of the spectra
lim
l→∞
σ(AΩl) = σ(AΩ)
in the Hausdorff metric on R holds additionally in Theorem IV and Corollary IV by applying
[BBdN17, Theorem 3].
(ii) It is well-known that symbolic dynamical systems can be encoded as Delone sets [LP03].
Hence, our result also applies to those systems. In [Bec16, BBdN17], several explicit construc-
tions are given for periodic approximations of symbolic dynamical systems. It is proven there that
the spectrum converges in the Hausdorff metric. With the convergence of the abstract density of
states, Corollary IV complements these results via a measured quantity.
5. Approximations for cut-and-project schemes
In the upcoming section, we study the continuity of the autocorrelation and the density of
states for the special class of regular models. It is well-known that the arising Delone dynamical
systems are uniquely ergodic which enables us to apply the previously developed theory. The
approximation is via weighted Delone sets with continuous window functions. Since regular
model sets do not belong to that latter class, there are two involved limit processes. While the
approximation of the Delone dynamical systems is guaranteed by lattice convergence, another
limit takes care of the approximation of the regular window function. Our result includes ap-
proximations via periodic structures in the Euclidean situation, where one can choose sequences
of lattices of the form QZd, where all entries of the d-dimensional matrix Q are rational.
The relevant notions and properties of regular model sets and their dynamical systems are
discussed in Subsection 5.1. The convergence of the autocorrelation is provided in Theorem V.A
of Subsection 5.2. For the class of strongly pattern equivariant operators, the density of states
can be described in terms of the G-dynamics on the quotient space obtained from the projection
lattice. This allows us to the settle the convergence of the density of states for strongly pattern
equivariant Schro¨dinger operators in Subsection 5.3, c.f. Theorem V.B.
5.1. Regular model sets. We now turn to the description of so-called cut-and-project schemes.
Examples for model sets exist in abundance. Concerning the abelian and in particular the
Euclidean situation, we refer to [BG13] and references therein. A list of examples in non-abelian
groups can be found in [BHP16]. We extensively use a parametrization map introduced in the
abelian case by [Sch00] (“torus parametrization”) and in the non-abelian world by [BHP16]. We
follow the lines of [BHP16] to introduce the basic notations and concepts.
A lattice Γ < G × H is regular if the restriction of πG to Γ is injective and πH(Γ) is densely
contained in H. A compact set W ⊆ H is called a regular window for Γ if
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• mH(∂W ) = 0,
• ∂W ∩ πH(Γ) = ∅,
• hW =W ⇔ h = eH , and
• W˚ =W .
Here, ∂W denotes the topological boundary of the set W .
Definition 5.1 (Regular model sets). Let Γ be a regular lattice in G×H. For a regular window
W ⊂ H for Γ, we call the set
P := P
(
G,H,Γ,W
)
:= πG
(
Γ ∩ (G×W )
)
a regular model set.
Remark 5.2. By definition, a regular model set is a subset of G. However, since the restriction
of πG to Γ is injective by assumption, each regular model set P is naturally identified as the set
Λ(P ) := Γ ∩ (G ×W ). As such, a regular model set can be seen as a weighted model set with
constant weight 1 if one extends the definition of weighted model sets to possibly non-uniform
lattices. For cocompact lattices, regular model sets are naturally identified with weighted model
sets (and weighted Delone sets) in the language of Definition 3.1.
Regular model sets have very nice properties. First of all, they are uniformly discrete and even
stronger, they belong to the class of sets of finite local complexity (FLC-sets), i.e. P−1P is closed
and locally finite. This observation is standard in the abelian world and it is also easily verified
in the non-commutative situation, see [BH16, Proposition 2.13]. If Γ is chosen to be cocompact,
the empty set is not contained in the hull HP . Thus, by [BH16, Proposition 4.4], this implies
that P must be relatively dense. Hence, regular model sets P as just constructed are Delone
sets.
One of the main results in the aforementioned paper is that for regular model sets, the translation
dynamics can be completely described in terms of the action of G on the homogeneous space
Y := G × H/Γ. Since the projection πH(Γ) is dense in H, the action G y Y is minimal (by
the duality principle). Moreover, one can show that in the present situation, this implies that
G y Y is uniquely ergodic, cf.[BHP16, Lemma 3.7]. As was shown in the following theorem,
these properties transfer to the (punctured) hull.
Theorem 5.3 (cf. [BHP16], Theorem 1.1). Let P = P (G,H,Γ,W ) be a regular model set. Then,
there exists a unique G-invariant probability measure µ (which is also the unique G-stationary
measure) on the punctured hull HP × = HP \ {∅} such that G y (HP ×, µ) is measurably
isomorphic to Gy (Y,mY ). In particular, as unitary G-representations, we have
L2(HP ×, µ) ∼= L2(Y,mY ).
In the case of a uniform lattice Γ (and this is the case we are interested in), the hull and the
punctured hull of a model set coincide. The proof of the theorem goes along a well-behaved
map β : HP × → Y , called parametrization map. More precisely, β is G-equivariant, has a closed
graph (cf. [BHP16, Theorem 3.1]), and the unique invariant measure µ is given by the relation
β∗µ = mY , cf. [BHP16, Theorem 3.4]. The subset of the hull where β is one-to-one is conull
with respect to µ, see further elaborations below. Sticking to the notation in later discussed
work, we denote
Y ns :=
{
(g, h)Γ | ∂
(
h−1Wv
)
∩ πH(Γ) = ∅
}
,
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and call this set the non-singular points of Y . The corresponding set of non-singular points
on the hull is written as Hns := β−1(Y ns). It has been proven in [BHP16, Section 3] that the
following assertions hold, see also [Sch00] for the abelian case.
Proposition 5.4 ([BHP16]). Let P := P
(
G,H,Γ,W
)
be a regular model set.
(i) The restriction β|Hns : H
ns → Y ns is bijective.
(ii) Hns is a set of full µ-measure in HP ×, and Y ns is a set of full mY -measure in Y .
(iii) Let F be a fundamental domain for Γ in G × H. For each Q ∈ Hns, there is a unique
choice (gQ, hQ) ∈ F with β(Q) = (gQ, hQ)Γ and such that
Q = gQ πG
(
Γ ∩ (G× h−1Q W )
)
= πG
(
(gQ, hQ)Γ ∩ (G×W )
)
.
(iv) The dynamical system G y Y is minimal. If in addition, Γ is cocompact, then G y HP
is minimal as well.
(v) If Γ is uniform, then the parametrization map β : HP → Y is continuous.
As in previous chapters, we will exclusively deal with uniform lattices from this point on. When
considering collections of lattices, we will assume that all elements in this collection are Delone
with fixed parameters for uniform discreteness and relative denseness. More precisely, this means
that they are contained in a set Del∗ consisting of Delone sets in G×H with fixed parameters
U and K. The closed, G×H-invariant subsets are denoted by IG×H(Del∗). Whenever we only
speak about Delone sets in G we will specify.
5.2. Approximation of the autocorrelation for regular model sets. Using Theorem III,
we obtain an approximation statement for the autocorrelation of regular model sets. For a
cocompact lattice Γ ∈ Del∗, the homogeneous space Y := G × H/Γ admits a unique G × H-
invariant, probability measure (the Haar measure) denoted by mY .
Let vl ∈ Cc(H) and W ⊆ H be a compact set. The characteristic function of the set W is
denoted by χW . Furthermore, W
◦ denotes the interior of the set W . We write vl ց χW if
liml→∞ vl(x) = χW (x) and vl(x) ≥ χW (x) for each x ∈ H. Analogously, vl ր χW ◦ means
liml→∞ vl(x) = χW ◦(x) and vl(x) ≤ χW ◦(x) for each x ∈ H.
Theorem V.A (Continuity of the autocorrelation for regular model sets). Let P = P (G,H,Γ,W )
be a regular model set. Assume that (vl) is a sequence of continuous window functions such that
vl ց χW pointwise in H. If (Γn)n are cocompact lattices such that Γn → Γ in Del∗, then
w- ∗ - lim
l→∞
lim
n→∞
γYn,vl = w- ∗ - lim
l→∞
γY,vl = γP
in the weak-∗-topology on M(G) where γP := γHP is the autocorrelation of the uniquely ergodic
hull HP .
Proof. For the cocompact lattice, the homogeneous space Y ⊆ Del∗ is uniquely ergodic with
measure mY . The convergence Γn → Γ implies Yn → Y in the Chabauty-Fell topology by
Proposition 2.7 and Theorem II.A. Hence, Theorem III implies
w- ∗ - lim
n→∞
γYn,vl = γY,vl
for l ∈ N. According to Proposition 3.4, we have that
γY,vl,mY
(
f∗1 ∗ f2
)
=
∫
Del∗
Pvlf1(Λ) Pvlf2(Λ) dmY (Λ)
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for all f1, f2 ∈ Cc(G). By Lemma 3.3, the function Λ 7→ Pvlf1(Λ) · Pvlf2(Λ) is continuous
and converges pointwise to PχW (f1)(Λ) · PχW (f2)(Λ). Furthermore, it is dominated by the
measurable function Λ 7→ Pv1(|f1|)(Λ)Pv1(|f2|)(Λ). Hence, the dominated convergence theorem
and Theorem 5.3 imply
lim
l→∞
γY,vl,mY
(
f∗1 ∗ f2
)
=
∫
Y
PχW (f1)(Λ) PχW (f2)(Λ) dmY (Λ)
=
∫
HP
PχW (f1)(β(D)) PχW (f2)(β(D)) dµ(D),
since β : HP → Y induces an isomorphism between L2(HP , µ) and L2(Y,mY ). For D ∈ H
ns,
Proposition 5.4 (iii) implies that D = πG(β(D) ∩G×W )) while πG restricted to β(D) ∈ Y
ns is
injective. With this at hand, a short computation yields
PχW (f)(β(D)) =
∑
x∈β(D)
f(πG(x))χW (πH(x)) =
∑
x∈β(D)∩G×W
f(πG(x)) =
∑
y∈D
f(y) = Pf(D).
Since Hns ⊆ HP has full measure by Proposition 5.4 (ii), the previous considerations imply
lim
l→∞
γY,vl,mY
(
f∗1 ∗ f2
)
=
∫
HP
Pf1(D) Pf2(D) dµ(D) = γP
(
f∗1 ∗ f2
)
.
The dynamical system G y HP is uniquely ergodic with measure µ and so γP is the auto-
correlation measure of HP . Hence, liml→∞ limn→∞ γYn,vl,mn = γP follows as the (weighted)
autocorrelations are uniquely determined on the set {f∗1 ∗ f2 | f1, f2 ∈ Cc(G)}. ✷
Remark 5.5. The assertion of Theorem V.A holds also if vl ր χW ◦ pointwise in H where W
◦
is the interior of W . This follows by using Lebesgue’s monotone convergence theorem instead
of the dominated convergence theorem. Furthermore, one exploits that Λ∩ ∂W = ∅ for Λ ∈ Y ns
where Y ns ⊆ Y has full measure. Consequently, PχW◦ (f) = PχW (f) follows for every f ∈ Cc(G)
on a full measure set.
5.3. Approximation of the density of states of strongly pattern equivariant opera-
tors for regular model sets. We consider strongly pattern equivariant Schro¨dinger operators
arising from strongly pattern equivariant functions as introduced in [KP00, Kel03, Kel08]. This
class fits in the framework of random bounded operators considered above. In fact, it forms a
∗-subalgebra PE(G,R) ⊆ Kfin(G), where R is a finite subset of P−1P modeling the range of the
operator. For a continuous window function v and a lattice Γ ∈ Del∗, every kernel a ∈ PE(G,R)
determines a random bounded operator A as defined in Definition 4.4. We will show below that
in this way, we obtain strongly pattern equivariant Schro¨dinger operators which can be rep-
resented by coefficients determined by strongly pattern equivariant functions. This class of
operators can be seen as operators on the strip in G ×H with continuous window functions v.
Specifically, the kernel a ∈ PE(G,R) is lifted to av with associated random bounded operator
Av, c.f. Definition 5.12. A detailed description is given below. This is the nice feature of strongly
pattern equivariant Schro¨dinger operators that their spectral properties are compatible with the
geometry induced by the cut and project scheme: while from the topological stand point, the
G-actions on the hull and on the quotient space G ×H/Γ are different, the relevant measured
information is preserved. Combining this with specific combinatorial features of strongly pattern
equivariant Schro¨dinger operators, we can describe their DOS in terms of the dynamics on the
homogeneous type space. Since the parametrization map is not a homeomorphism, this cannot
be expected at all for general random, bounded operators.
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The goal of this section is to prove the following theorem.
Theorem V.B (Continuity of the DOS for regular model sets). Let G and H be lcsc groups
where G is unimodular. Let P = P (G,H,Γ,W ) be a regular model set. Assume that (vl) is a
sequence of continuous window functions such that vl ց χW pointwise in H. Suppose (Γn)n are
cocompact lattices satisfying Γn → Γ in Del∗. Then, for every self-adjoint kernel a ∈ PE(G,R)
with associated operator family A, we have
w- ∗ - lim
l→∞
lim
n→∞
ηA
vl
Yn,vl
= w- ∗ - lim
l→∞
ηA
vl
Y,vl
= ηAHP
in the weak-∗-topology on M(R).
We first need to introduce the notion of strongly pattern equivariant functions for Delone sets
of finite local complexity. We emphasize at this point that all those Delone sets are subsets of
G. For convenience, we use the symbol DelG∗ for all Delone sets in G with fixed parameters U
and K.
A Delone set P ∈ DelG∗ is called of finite local complexity if P
−1P is closed and discrete. Such
a Delone set satisfies D−1D ⊆ P−1P for all elements D in the hull HP and for every compact
subset F ⊆ G a constant C > 0 such that ♯P ∩ gK ≤ C for all g ∈ G [BHP16, Appendix A].
Moreover, the set {x−1P ∩ F |x ∈ P} is finite for every compact F ⊆ G.
Definition 5.6. Let HP be the hull of P with finite local complexity and T P := {D ∈ HP | e ∈ D}
be its transversal. A function f : T P → C is called strongly pattern equivariant if there is an
open, relatively compact subset F ⊆ G such that f(D) = f(D′) if D ∩ F = D′ ∩ F .
The following lemma provides a representation of the strongly pattern equivariant functions on
T P .
Lemma 5.7. Let P ∈ DelG∗ be of finite local complexity. A function f : T
P → C is strongly
pattern equivariant if and only if there exist an N ∈ N and an open, relatively compact set F
satisfying that for every 1 ≤ j ≤ N there is a coefficient pj ∈ C and an element xj ∈ P such
that
(1) f(D) =
N∑
j=1
pj
∏
γ∈x−1j P∩F
χD(γ)
where χD(γ) = 1 iff γ ∈ D and otherwise χD(γ) = 0. Furthermore, every strongly pattern
equivariant function is continuous.
Proof. Recall that {x−1P ∩F ′ |x ∈ P} is finite for every compact set F ′. Thus, Dn → D in the
Chabauty-Fell topology of T P implies that Dn ∩F
′ = D∩F ′ for n large enough. Consequently,
functions of the form (1) are continuous and strongly pattern equivariant.
Let f be strongly pattern equivariant and F ⊆ G be the corresponding open, relatively compact
subset such that f(D) = f(D′) whenever D ∩ F = D′ ∩ F . Using finite local complexity, there
are x1, . . . , xN ∈ P such that {x
−1
1 P ∩ F, . . . , x
−1
N P ∩ F} = {D ∩ F |D ∈ T
P}. Note that the
product
∏
γ∈x−1j P∩F
χD(γ) is equal to one if and only if x
−1
j P ∩ F ⊆ D ∩ F .
In general, it might happen that x−1j P ∩ F ( x
−1
k P ∩ F , namely the patch x
−1
k P ∩ F contains
another patch x−1j P ∩F appearing in P . If this is not the case we set pj := f(x
−1
j P ). Otherwise,
we need to define the coefficients with more care. In order to do so, let I(n) be the set of
k ∈ {1, . . . , N} such that the patch x−1k P ∩ F contains exactly n other patches appearing in
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P . More precisely, for n ∈ N0 := N ∪ {0}, I(n) ⊆ {1, . . . , N} is the set of k ∈ {1, . . . , N}
satisfying that there are exactly n elements xj satisfying that x
−1
j P ∩ F ( x
−1
k P ∩ F . Clearly,⊔
n∈N0
I(n) = {1, . . . , N} is a disjoint union and I(n) is empty if n ≥ N . Furthermore, define
C(j) :=
{
k ∈ {1, . . . , N}
∣∣ x−1k P ∩ F ( x−1j P ∩ F} , 1 ≤ j ≤ N ,
The set C(j) is the collection of subpatches of the patch x−1j P ∩F . By iteration from n = 0 up
to (maximal) N , define pj := f(x
−1
j P )−
∑
k∈C(j) pk for j ∈ I(n). Note that C(j) is empty for
n = 0 and j ∈ I(n). Hence, pj := f(x
−1
j P ). With this, the coefficients pj are iteratively defined.
It is left to show that with this choice of coefficients pj, equation (1) holds for all D ∈ T
P .
Let D ∈ T P with D ∩ F = x−1L P ∩ F for some L ∈ I(n0). The disjointness of the I(m) and the
definition of the coefficient pL yield
N∑
j=1
pj
∏
γ∈x−1j P∩F
χD(γ) =
f(x−1L P )− ∑
k∈C(L)
pk
+ N∑
m=0
∑
j∈I(m)\{L}
pj
∏
γ∈x−1j P∩F
χD(γ) .
The latter sum is equal to
∑
k∈C(L) pk as the product
∏
γ∈x−1j P∩F
χD(γ) is one if and only if
x−1j P ∩ F is a subpatch of x
−1
L P ∩ F . Thus,
N∑
j=1
pj
∏
γ∈x−1
j
P∩F
χD(γ) = f(x
−1
L P ) = f(D)
follows by using that f is strongly pattern equivariant and D ∩ F = x−1L P ∩ F . ✷
Remark 5.8. By exploiting the topology on the transversal in more detail, it is not difficult
to show the converse of the previous lemma, i.e. f : HP → C is strongly pattern equivariant
if and only if f is continuous and takes finitely many values, see (in a special case) [Bec16,
Proposition 3.7.2].
Definition 5.9. Let P ∈ DelG∗ be of finite local complexity. A collection of operators A :=(
AD : ℓ
2(D)→ ℓ2(D)
)
D∈HP
is called strongly pattern equivariant Schro¨dinger operator if each
AD acts as
ADu(x) =
∑
γ∈R
qγ
(
x−1D
)
χD(xγ
−1)u(xγ−1) + qγ
(
(xγ)−1D
)
χD(xγ)u(xγ)
 + V (x−1D)u(x) .
where R ⊆ P−1P is finite and the maps V : T D → R and qγ : T
D → C, γ ∈ R, are strongly
pattern equivariant. The finite set R is called range of the operator family A.
Next, suitable kernels are introduced for Delone sets of finite local complexity. First, we show
that these kernels generate all finite range Schro¨dinger operators with strongly pattern equivari-
ant potentials, c.f. Proposition 5.10. These operators are generalizations of strongly pattern
equivariant Schro¨dinger operators on the Cayley graph of a countable group, c.f. e.g. [Bec16,
Theorem 3.7]. The kernels are defined by functions ϑγ ∈ Cc(G) and hence, they can be lifted
to G × H. In this way, we can lift all strongly pattern equivariant Schro¨dinger operators, c.f.
Definition 5.12.
For P ∈ DelG∗ of finite local complexity and γ ∈ P
−1P , we can fix a function ϑγ ∈ Cc(G) such
that supp(ϑγ) ∩ P
−1P = {γ} and ϑγ(γ) = 1. The existence of ϑγ ∈ Cc(G) follows by Urysohn’s
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lemma and that P−1P is discrete since P is of finite local complexity. Then
sγ(x,D, y) := ϑγ(x
−1y)
defines a kernel of finite type on DelG∗ . It is straight forward to check that, sγ on Del
G
∗ is a
kernel of finite type according to Definition 4.2.
For R ⊆ P−1P finite, define PE(G,R) as the ∗-subalgebra of Kfin(G) generated by {sγ | γ ∈ R}.
The following statement shows that every strongly pattern equivariant Schro¨dinger operator A =
(AD)D∈HP arises from a self-adjoint element a ∈ PE(G,R). This statement is a generalization
of [Bec16, Theorem 3.7] which deals with Cayley graphs of countable groups.
Proposition 5.10. Let P ∈ DelG∗ be of finite local complexity. A collection of operators A :=(
AD : ℓ
2(D) → ℓ2(D)
)
D∈HP
is a strongly pattern equivariant Schro¨dinger operator if and only
if there is a finite R ∈ P−1P and a self-adjoint a ∈ PE(G,R) such that AD = λ
D(a),D ∈ HP .
In particular, every strongly pattern equivariant Schro¨dinger operator A = (AD)D∈HP is the
restriction of a self-adjoint random bounded operator A˜ =
(
πD(a)
)
D∈DelG
∗
of finite range to the
hull HP .
The proof of the proposition relies on the following lemma.
Lemma 5.11. Let P ∈ DelG∗ be of finite local complexity and R := {γ1, . . . , γN} ⊆ P
−1P .
Define pγj := s
∗
γj ⋆ sγj , a := pγ1 ⋆ . . . ⋆ pγN and b :=
∑
γ∈R sγ + s
∗
γ. Then the representations
λD(a)u(x) =
∏
γ∈R
χx−1D(γ
−1)
u(x), λD(b)u(x) = ∑
γ∈R
χx−1D(γ)u(xγ)+χx−1D(γ
−1)u(xγ−1),
hold for all u ∈ ℓ2(D), x ∈ D and D ∈ HP .
Proof. Let γ ∈ R. Since D−1D ⊆ P−1P and P−1P ∩ supp(ϑγ) = {γ}, the value ϑγ(z
−1x) is
one if z−1x = γ and otherwise zero for z−1x ∈ D−1D. Thus, a short computation leads to
pγ(x,D, y) =
∑
z∈D
sγ(z,D, x) sγ(z,D, y) =
∑
z∈D
ϑγ(z
−1x)ϑγ(z
−1y) = χD(xγ
−1) δx(y).
With this at hand, the corresponding operator defined by the representation λD satisfies
λD(pγ)u(x) =
∑
y∈D
pγ(x,D, y)u(y) = χD(xγ
−1)u(x).
Similar calculations imply λD(sγ)u(x) = χD(xγ)u(xγ) and λ
D(s∗γ)u(x) = χD(xγ
−1)u(xγ−1).
Hence, the desired identities follow by using that λD is a ∗-representation. ✷
With this at hand, one obtains the validity of the above proposition.
Proof of Proposition 5.10. We sketch the proof of the claim of the equivalence using
Lemma 5.7 and Lemma 5.11. The detailed computations are straightforward and left to the
reader. According to Lemma 5.7, every strongly pattern equivariant functions is a finite lin-
ear combination of functions of the form
∏
γ∈x−1j P∩F
χD(γ). Combining this with Lemma 5.11,
every multiplication operator u(x) 7→ V (x−1D)u(x), with V being a strongly pattern equi-
variant function, is given by λD(aV ) where aV ∈ PE(G,R) is a finite linear combination of
elements of the form a := pγ1 ⋆ . . . ⋆ pγN and pγj := s
∗
γj ⋆ sγj . Furthermore, the operator
u(x) 7→ χx−1D(γ)u(xγ) + χx−1D(γ
−1)u(xγ−1) is represented by λD(bγ) where bγ := sγ + s
∗
γ
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for γ ∈ R. Since every strongly pattern equivariant Schro¨dinger operator AD is a finite linear
combination of compositions of such operators, an a ∈ PE(G,R) can be constructed such that
AD = λ
D(a). Conversely, every self-adjoint a ∈ PE(G,R) is a finite linear combination of such
elements and so it defines a strongly pattern equivariant Schro¨dinger operator.
For the “in particular” statement, we argue as follows: Since PE(G,R) is a ∗-subalgebra of
Kfin(G) and a is self-adjoint, the random bounded operator A˜ :=
(
πD(a)
)
D∈DelG
∗
has finite
range and is self-adjoint. Furthermore, A is the restriction of A˜ to the hull HP . ✷
Next, we define a suitable class of random bounded operators that can be lifted to G ×H by
lifting the corresponding generators.
Definition 5.12. Let v ∈ Cc(H) be a continuous window function and P ∈ Del
G
∗ be of finite
local complexity. Define the lift of sγ by s
v
γ ∈ C
(
Xsupp(v)
)
by
svγ(x,Λ, y) := ϑγ
(
πG(x
−1y)
)
v(πH(x)) v(πH(y)).
With this at hand, av is the corresponding lift of a ∈ PE(G,R) to Kfin(G×H, v) by lifting each
of the generators. Furthermore, Av denotes the associated operator family of av.
Before proving Theorem V.B, we need the following two technical lemmas.
Lemma 5.13. Let v ∈ Cc(H) be a continuous window function and γ1, . . . , γN ∈ P
−1P . Con-
sider the kernel of finite range a := svγ1 ⋆ . . . ⋆ s
v
γN
. For Λ ∈ Del∗ and y ∈ Λ with v(πH(y)) 6= 0,
the identity 〈δy, λ
Λ(a)δy〉Λ,v = a(y,Λ, y) v
2(πH(y)) holds and a(y,Λ, y) equals to∑
y1∈Λ
. . .
∑
yN−1∈Λ
svγ1(y,Λ, y1) v(πH(y1)) s
v
γ2(y1,Λ, y2) v(πH(y2)) . . . s
v
γN
(yN−1,Λ, y) v(πH(yN−1)) .
Proof. The identity 〈δy, λ
Λ(a)δy〉Λ,v = a(y,Λ, y) v
2(πH(y)) follows by a short calculation. Fur-
thermore, we have
svγ1 ⋆ s
v
γ2(y,Λ, y) =
∑
y1∈Λ
svγ1(y,Λ, y1) s
v
γ2(y1,Λ, y) v(πH(y1)) .
With this, the desired identity follows by induction over N ∈ N. ✷
Lemma 5.14. Let P = P (G,H,Γ,W ) be a regular model set and vl ∈ Cc(H) be a sequence
of continuous window functions such that vl ց χW (or vl ր χW ◦) pointwise in H. For
γ1, . . . , γN ∈ P
−1P , consider al := s
vl
γ1 ⋆ . . . ⋆ s
vl
γN and a := sγ1 ⋆ . . . ⋆ sγN . For Λ ∈ Y
ns
and D ∈ Hns with β(D) = Λ, the identity
lim
l→∞
∑
y∈Λ
ρ(πG(y)) 〈δy , λ
Λ(al)δy〉Λ,vl =
∑
x∈D
ρ(x) 〈δx, λ
D(a)δx〉D
holds for any ρ ∈ Cc(G), where β : H
P → Y is the parametrization map.
Proof. For each l ∈ N, we have
svlγi(z,Λ, z
′) = ϑγi
(
πG(z)
−1πG(z
′)
)
vl(πH(z)) vl(πH(z
′)) , z, z′ ∈ Λ
and the projection πG : G×H → G is a group homomorphism. Thus, Lemma 5.13 implies that
liml→∞〈δy , λ
Λ(al)δy〉Λ,vl equals to
χW (πH(y))
∑
y1∈Λ∩G×W
. . .
∑
yN−1∈Λ∩G×W
ϑγ1
(
πG(y
−1y1)
)
ϑγ2
(
πG(y
−1
1 y2)
)
. . . ϑγN
(
πG(y
−1
N−1y)
)
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by the pointwise convergence vl ց χW and as all involved sums are finite. Since β(D) = Λ and P
is a regular model set, Proposition 5.4 (iii) yields πG(Λ∩G×W ) = D while πG : Λ∩G×W → D
is injective. Hence, liml→∞
∑
y∈Λ ρ(πG(y)) 〈δy , λ
Λ(al)δy〉Λ,vl is equal to∑
x∈D
ρ(x)
∑
x1∈D
. . .
∑
xN−1∈D
ϑγ1
(
x−1x1
)
ϑγ2
(
x−11 x2
)
. . . ϑγN
(
x−1N−1x
)
=
∑
x∈D
ρ(x) 〈δx, λ
D(a)δx〉D
by using Lemma 5.13 again for the trivial group H = {eH} with v = 1. ✷
We are now ready to prove the main theorem of this subsection.
Proof of Theorem V.B. For the cocompact lattice, the homogeneous space Y ∈ IG×H(Del∗)
is uniquely ergodic with measuremY . The convergence Γn → Γ implies Yn → Y in the Chabauty-
Fell topology by Proposition 2.7 and Theorem II.A. Hence, for fixed l ∈ N, Theorem IV implies
w- ∗ - lim
n→∞
ηA
vl
Yn,vl
= ηA
vl
Y,vl
.
for the strongly pattern equivariant Schro¨dinger operators of finite range Avl induced by the lift
avl , see Definition 5.12.
For φ ∈ C(R), φ(Avl) is defined by the functional calculus and can be approximated by poly-
nomials of Avl . Hence, it suffices to show liml→∞ η
Avl
Y,vl
(p) = ηA
HP
(p) for every polynomial p.
By definition, p(a) for any polynomial p and a ∈ PE(G,R) is a finite sum of monomials in
{sγ | γ ∈ R} and their adjoint and similarly for a
vl . Thus, it suffices by linearity to show that
liml→∞ η
Bvl
Y,vl
(Id) = ηB
HP
(Id) where B is an operator family induced by such a monomial and
Bvl is the corresponding lift. Since s∗γ = ϑγ−1◦
−1, there is no loss of generality in proving the
desired identity only for monomials in {sγ | γ ∈ R}. So let b := sγ1 ⋆ . . . ⋆ sγN where γi ∈ R and
bl := s
vl
γ1 ⋆ . . . ⋆ s
vl
γN
be the corresponding lift. Furthermore, set BvlΛ := λ
Λ(bl) for Λ ∈ Y and
BD := λ
D(b) for D ∈ HP .
The map fvl : Y → C defined by fvl(Λ) :=
∑
y∈Λ ρ
(
πG(y)
)
〈δy, B
vl
Λ δy〉Λ,vl is continuous by
Proposition 4.5 and
0 ≤ |fvl(Λ)| ≤
∑
y∈Λ
ρ
(
πG(y)
)
〈δy , λ
Λ(|bv1 |)δy〉Λ,v1
for all Λ ∈ Y and l ∈ N. The latter function in Λ is continuous and hence integrable. Conse-
quently, the dominated convergence theorem implies
lim
l→∞
ηB
vl
Y,vl
(Id) =
∫
Y
lim
l→∞
∑
y∈Λ
ρ(πG(y)) 〈δy , λ
Λ(bl)δy〉Λ,vl dmY (Λ) .
With this at hand, Theorem 5.3 and Proposition 5.4 yield
lim
l→∞
ηB
vl
Y,vl
(Id) =
∫
Hns
lim
l→∞
∑
y∈β(D)
ρ(πG(y)) 〈δy , λ
β(D)(bl)δy〉β(D),vl dµ(D) .
Using Lemma 5.14, liml→∞ η
Bvl
Y,vl
(Id) = ηB
HP
(Id) is deduced as Hns ⊆ HP has full measure
(Proposition 5.4 (ii)). ✷
Remark 5.15. The assertion of Theorem V.B holds also if vl ր χW ◦ pointwise in H where W
◦
is the interior of W . This follows by using Lebesgue’s monotone convergence theorem instead
of the dominated convergence theorem. Furthermore, one exploits that Λ ∩ ∂W = ∅ for Λ ∈ Y ns
where Y ns ⊆ Y has full measure.
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6. Appendix
6.1. Chabauty-Fell topology. For convenience of the reader, we give a proof for the well-
known fact that translation actions on Chabauty-Fell spaces are jointly continuous.
Proposition 6.1. Let G be a lcsc acting on a compact, metrizable space X by homeomorphisms.
Then, G also acts on C (X) = K (X) via homeomorphisms, i.e the action mapping
α : G× C (X)→ C (X) , (g,F) 7→ α(g,F) := g · F := {g · x |x ∈ F}
is jointly continuous.
Proof. Let g ∈ G and F ∈ C (X). Consider a Chabauty-Fell neighborhood U (K,O) of g · F
with O := {O1, . . . , On}. Then, for i = 1, . . . , n, there are xi ∈ F such that gxi ∈ g · F ∩ Oi.
Due to continuity of the group action, there is an open neighborhood Ui of g and an open
neighborhood O′i of xi such that Ui · O
′
i ⊆ Oi.
Since F∩g−1 ·K = g·F∩K = ∅ andX is a normal space, there is an open set V ′ containing g−1·K
such that V ′ is compact and V ′∩F = ∅. For each x ∈ K, there are open sets Vx ∋ g
−1 and V ′x ∋ x
satisfying Vx · V
′
x ⊆ V
′ by continuity of the group action and as g−1x ∈ V ′. By compactness of
K, there are x1, . . . , xm ∈ K with Vl := Vxl and V
′
l := V
′
xl
satisfying K ⊆
⋃m
l=1 V
′
l . Note that
V −1l is an open neighborhood of g.
The finite intersection V :=
⋂n
i=1 Ui ∩
⋂m
l=1 V
−1
l is an open neighborhood of g. Further, define
the Chabauty-Fell open set U := U
(
V ′, {O′1, . . . , O
′
n}
)
. By construction, O′i intersects F for
every i = 1, . . . , n and V ′ ∩ F = ∅. Hence, U is an Chabauty-Fell open neighborhood of F . We
show that V ·U = α(V,U ) ⊆ U (K,O):
Let h ∈ V and F ′ ∈ U . Since F ′ ∈ U , there exists an yi ∈ F
′ ∩ O′i 6= ∅ and by the previous
considerations hyi ∈ V · O
′
i ⊆ Ui · O
′
i ⊆ Oi holds. Hence, h · F
′ ∩ Oi 6= ∅ for i = 1, . . . , n.
Furthermore, we derive
F ′ ∩ h−1 ·K ⊆ F ′ ∩
(
h−1 ·
m⋃
l=1
V ′l
)
⊆ F ′ ∩
(
m⋃
l=1
h−1 · V ′l
)
⊆ F ′ ∩ V ′ = ∅
by using that h−1 ∈ Vl and the inclusion Vl · V
′
l ⊆ V
′ holds. Hence, h · F ′ ∩ K = ∅ follows.
Altogether, h · F ′ is contained in U (K,O). ✷
6.2. Groupoids, von-Neumann algebras and the density of states measure. Based
on the non-commutative integration theory of A. Connes [Con79], the (integrated) density of
states is described in [LS03a, LS03b, LPV07] in the setting of von Neumann algebras arising
by a groupoid structure. In the following, we recall this setting in the specific case of Delone
dynamical systems on lcsc groups.
Let G and H be lcsc groups where G is unimodular. Consider the compact space of Delone sets
Del∗ := DelU,K in G×H with some fixed parameters U,K. The group G acts continuously on
Del∗ by translation gD := (eH , g)D. Suppose Ω ∈ IG×H(Del∗) is equipped with a (G × H)-
invariant measure µ on Ω. Furthermore, let v ∈ Cc(H) be a (continuous) window function. We
introduce a von Neumann algebra N (Ω, G ×H,µ, v) of random bounded operators on Ω. The
purpose of this subsection is to introduce the density of states by showing
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Proposition 6.2. Let G be ρ ∈ Cc(G) be nonnegative satisfying
∫
G ρ dmL = 1. The map
τΩ,v : N
+(Ω, µ,G, v)→ [0,∞) defined by
τΩ,v(A) :=
∫
Ω
∑
x∈D
ρ(πG(x))
〈
δx, φ
(
AD
)
δx
〉
D,v
dµ(D),
is faithful, normal, finite trace and it does not depend on the choice of ρ. Moreover, τ uniquely
and continuously extends to N (Ω, G×H,µ, v).
With this at hand, the abstract density of states of a self-adjoint element of the von Neumann
algebra can be defined.
Definition 6.3. Let A ∈ N (Ω, G×H,µ, v) be self-adjoint. Then the measure ηAΩ,v,µ defined by
ηAΩ,v,µ(B) := τΩ,v(χB(A)) for a Borel measurable set B ⊆ R is called abstract density of states.
The authors [LS03b] associated a von Neumann algebra with Delone dynamical systems on
Rd by defining a suitable groupoid G and a G -space (X , π, J), c.f. [LPV07, Definition 2.5].
This approach extends naturally to Delone dynamical systems of a unimodular lcsc group. For
convenience of the reader, a guideline and the main concepts are described here. The proofs
follow the same lines without any difficulty.
A set G equipped with a composition G (2) ⊆ G × G → G , (γ, ρ) 7→ γρ, and an inverse G →
G , γ → γ−1, is called groupoid if the composition is associative, (γ, γ−1), (γ−1, γ) ∈ G (2) for all
γ ∈ G and for every (γ, ρ) ∈ G (2), we have γρρ−1 = γ and γ−1γρ = ρ. It is worth pointing out
that the composition is only partially defined. Naturally associated with a groupoid is its range
map r : G → G , r(γ) := γγ−1, and source map s : G → G , r(γ) := γ−1γ, as well as the unit
space G (0) = r(G ) = s(G ). The set G x := r−1(x) is called r-fiber of x ∈ G (0).
The groupoids considered here are endowed with a locally compact, second countable, Hausdorff
topology such that the corresponding composition and inverse (and hence, the range and source
map) are continuous. Specifically, if the groupoid is endowed with the corresponding Borel-σ
algebra then all related maps are measurable. Furthermore, the r-fiber G x is a measurable
subset of G .
Define the topological groupoid G := Ω×G with composition (D, g) ◦ (g−1D,h) := (D, gh) and
inverse (D, g)−1 := (g−1D, g−1). The range map is given by r(D, g) = (D, eG) and the source
map by s(D, g) = (g−1D, eG) and hence, the unit space G
(0) is homeomorphic to Ω. Define
X :=
{
(D,x) ∈ Ω×G×H
∣∣ x ∈ D, v(πH(x)) 6= 0} ⊆ Ω×G×H
equipped with the induced topology. Note that X is not closed in general due to the constraint
that v(πH(x)) 6= 0. Define the continuous projection π : X → Ω, π(D,x) := D, and the
corresponding fibers XD := π−1(D) ≃ {x ∈ D | v(πH(x)) 6= 0}. Furthermore, G acts on X via J
defined by J(D, g) : X s(D,g) → X r(D,g), (g−1D, y) 7→ (D, gy), satisfying J(γη) = J(γ)J(η) and
J(γ−1) = J(γ)−1. Hence, the triple (X , π, J) is a G -space according to [LPV07, Definition 2.5].
Denote by F(X ) the set of all measurable functions on X and F+(X ) the subset of nonnegative
measurable functions. The map α : Ω → R(X ), αD(f) :=
∑
x∈D f(D,x) v(πH(x)), defines a
random variable (in the sense of Connes) with values in X , c.f. [LPV07, Definition 2.5]. The
proof follows the same lines as [LS03b, Corollary 2.6] by additionally using the G-invariance of
v ◦ πH and that (D,x) ∈ X implies v(πH(x)) 6= 0.
Furthermore, ν : Ω → R(G ) defined by D 7→ νD(f) :=
∫
G f(D,h) dmL(h) is a transverse
function (left-continuous Haar system) of G in terms of [LPV07, Definition 2.3]. In order to
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apply the theory developed in [LPV07], the groupoid structure with the corresponding measures
needs to be an admissible setting, c.f. [LPV07, Definition 2.4]. Thus, the measure µ on Ω has
to be ν-invariant where ν is the transverse function. A short computation implies that this only
holds if G is unimodular, namely the Haar measure is left and right invariant.
Moreover, the existence of a strictly positive function u0 ∈ F
+(X ) needs to be guaranteed such
that ν ∗ u0(p) = 1 for all p ∈ X , c.f. [LPV07, Definition 2.6]. Such a function is defined by
u0(D,x) := f(πG(x)), where f : G→ (0,∞) satisfies
∫
G fdm = 1. Then the identity ν∗u0(p) = 1
follows for all p ∈ X by a short computation invoking that G is unimodular.
The following lemma assures that the trace is independent of the choice of the function ρ in
Proposition 6.2.
Lemma 6.4. Let β : Ω→ R(X ) be random variable (in the sense of Connes) with values in X .
For every F ∈ F+(X ), the integral
∫
Ω β
D(F ) dµ(D) is independent of F if, for all (D,x) ∈ X ,
we have
∫
G F (g
−1D, g−1x)dmL(g) = 1.
Proof. The unit space of G is G (0) ≃ Ω. The map ν : Ω → R(G ) defined by D 7→ νD(f) :=∫
G f(D,h) dmL(h) is a transverse function of G . Thus, [LPV07, Lemma 2.9 (b)] yields that∫
Ω β
D(F ) dµ(D) is independent of F , if F is a measurable, non-negative function and ν ∗ F = 1
on X , where
(ν ∗ F )(D,x) =
∫
G pi(D,x)
F
(
J
(
g−1D, g−1
)
(D,x)
)
dνpi(D,x)(D, g) =
∫
G
F (g−1D, g−1x) dmL(g)
for (D,x) ∈ X . ✷
Next, we show that L2(X , µ ◦ α) fibers naturally over Ω as an direct integral invoking the G-
invariance of the window function. Specifically, consider the vector space S ⊆
∏
D∈Ω ℓ
2(D, v)
of all measurable functions u : X → C satisfying u(D, ·) ∈ ℓ2(D, v). With this measurable
structure S at hand, the family
(
ℓ2(D, v)
)
D∈Ω
defines a measurable field of Hilbert spaces in
terms of [Dix81, Part II, Chapter I.3, Definition 1].
Proposition 6.5. Let µ be a G-invariant probability measure on Ω. Then the map
U : L2(X , µ ◦ α)→
∫ ⊕
Ω
ℓ2(D, v) dµ(D), U(f)(D)(x) := f((D,x)),
is unitary.
Proof. According to [LS03a, Lemma 2.9], the Hilbert spaces
∫ ⊕
Ω ℓ
2(XD, αD) dµ(D) and L2(X , µ◦
α) are unitarily equivalent. Since XD ≃ {x ∈ D | vD(x) 6= 0} =: D˜, we derive ℓ
2(D˜, v) ≃
ℓ2(XD, αD) by the choice of the random variable α. Recall that we chose the convention to
denote ℓ2(D˜, v) by ℓ2(D, v) in Section 4.1. ✷
A family of operators A := (AD)D∈Ω is called measurable if D 7→ 〈uD, ADvD〉D,v is measurable
for every u, v ∈ S. Furthermore, A is bounded if supD∈Ω ‖AD‖ < ∞ and A is equivariant if
AgD = TgADT
∗
g where Tg : ℓ
2(D, v) → ℓ2(gD, v), Tgu := u(g
−1·). A measurable, bounded,
equivariant family of operators A := (AD)D∈Ω is called random bounded operator.
Definition 6.6. Let G and H be lcsc groups where G is unimodular, v ∈ Cc(H) be a continuous
window function and µ be a (G×H)-invariant probability measure on Ω ∈ IG×H(Del∗). Then
the associated von-Neumann algebra is defined by
N (Ω, G×H,µ, v) := {A = (AD)D∈Ω | A measurable, bounded, equivariant}/∼,
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where two random bounded operators A and B are equivalent if AD = BD µ-almost everywhere.
Proof of Proposition 6.2. For every random bounded operator A, βA : Ω→R(X ), β
D
A (f) :=
tr(ADMf (D)) is a random variable, where Mf is the multiplication operator by f . Thus, τ
is independent of ρ by Lemma 6.4. That τ is a faithful, semifinite weight follows by [LPV07].
The finiteness of τ follows as µ is a probability measure. It is left to show that τ is a trace:
the main strategy is to show that every element in the von Neumann algebra is a Carleman
operator, see e.g. [LPV07] and [LPS16, Proposition 3.6]. According to [LPV07, Proposition 4],
the Carleman operators form a right ideal in N (Ω, G×H,µ, v). Using Urysohn’s Lemma there
is a ψ ∈ Cc(G ×H) such that supp(ψ) ⊆ U and ψ(e) = 1, where U ⊆ G open is the parameter
of the Delone sets Del∗. The identity operator I(x,D, y) := ψ(x
−1y) ∈ Kfin(G × H, v) is a
Carleman operator. Thus, Proposition 6.2 is a consequence of [LPV07, Theorem 4.2]. ✷
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